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INTRODUCTION. 



ABiTHMCTto contains Ibe first elements of rea- 
soning upon qwmiiVij ; its princi|Aes take their rise 
in ideas so simple as to be adapted to the most mi- 
tatored mind, and to the lowest capacity. It is at 
the same time so indispensable for every human 
being, not only in common life, but in the parsuits 
6f the highest sciences, that it fbrmd the most pro- 
per, and has always formed one of the principal 
branches of the earlier education of youth. 

By its very nature It furnishes the means of de- 
veloping the reasoning faculties, from the time <lf 
their first beginning to expand themselvei^ and of 
habituatihg them to corriectness and precision. It 
tiierefore gives the human mind the power and dis- 
position to reason upon sound and correct princi^es. 

^It is therefore the duty^ of the faittiful teacher of 
youth* (not the mere teacher for his own privale 
emolument,) to take advantiige of this property of 
arithmetic, and apply it to cultivate the mind, and 
enligtiten the understanding of his scholars, by a 
proper reasoning in tiiis elementary science-; he 
should not make it the object of the memory alone; 
a method that leaves no impression upon the mind^ 
whose results are therefore lost again as soon as 
the school is dismissed. 

To neglect to take this advantage of the study of 
arithmetic, is eitlier a proof of ignorance, or an ac- 
tual dereliction of duty. Tliis may appear strong 
to many people, but stre&gth is the essential pro* 
party Irf truth. I can safcly appeal lo those who 
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have in earlj youth been taught by tiie negligent 
method of mere rules, and have at a later period 
attained scientific eminence, to decide between this 
and any contrary assertion. 

The diiBculties that the young experience on en- 
tering upon any scientific studies, in colleges, op 
otherwise, are well known ; the path to he followed 
there, must be that of reasoning, and no prepara- 
tions are made for this by their previous education, 
for the cultivation of the memory alone, is, from the 
very constitution of the human mind, always detri- 
mental to the reasoning faculty. 

However the opportunity, as has been stated, 
Exists, of cultivating the reasoning faculty at an 
earlier period, by familiarizing the scholar with 
the simple reasonings of elementary arithmetic* 
The step from that to higher or general arithmetic, 
usually called Mgthra^ Incomes by this mode, both 
Bhort and simple, as in its nature it really is ; and 
the scholar who does not wish to go farther than 
common arithmetic, can alone obtain the knowledge 
of the propriety or principles of its application to 
any occurrence in common life, by a knowledge of 
it, founded upon correct reasoning. It is entirely 
^«rpoBg to say and ^£t. upon the ground, *^ I want 
to know how to do this or tiiat,'' the principle must 
be, *< / Tvish to understand this or that,*' if ever any 
lasting good result shall be obtained. 

My object in undertaking this work was not to 
9well the number of elementary treatises on arith- 
fliettc, but may be stated as follows. 

1st. I wish to smooth tiie path of the teacher and 
the scholar, by explaining and proving, the pro- 
priety and correctness of any step that is taken, by 
pi*evious reasonings, leading to the discovery of the 
pinciple that ought to direct it, and therefore point- 
ing out the rule for the appropriate operation ; and I 
have, therefore, not been content to give the finid 
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resvh alone, and fte example fof it» pfoel^ lAAA 
is an individual, and consequ^illy a defective me- 
tbtoif while reasoning always leads to general priK- 
positions and proofe. In fliis way we attian, step 
by step, to the real scientific structure of this ele* 
mentary science, and thus all the operations become 
satisfactory to the mind, and therefore agreeable to 
the growing intellect of the scholar. 

In carrying such a system through the whole 
extent, to that point where mere general and exten* 
sive considerations, of a higher analytic nafture, are 
to guide us, I have even thought it possible to make 
a treatise which a man of science might look at 
with some satisfaction, and by which the young 
scholar would arrive at the entrance of his higher 
scientific studies, properly prepared by a e<nrrect 
kabit of reasoning. 

£d. The young and untutored mind, in Irufh^ 
reasons analytically ; a boy, and in fact a man, aste 
always WHY$ and as he enters more and more deq>« 
ly into the investigation, continues t» ask tiie rea- 
son of every thing that is said to him in fte way of 
explanation. The reason of tiiis lies in the nature 
of his situation ; he cannot proceed synthetically^ 
because synthesis needs «ome previous data, avenv 
ed, given, or adopted, on which to build the reason- 
ing to arrive at a conclusion. This does not yet 
tisist at this early stage of instruction. 

In following this mode, and grounding every 
conclusion upon inquiry, of which the ground lies, 
either in the human mind itself, even untutored, or 
in the result of preceding investigations, I intend 
to make a book which a lad remote fiHMn cities, 
although he might not have had the benefit of a 
good early education, can take in hand usefully, 
and which a simple knowledge of reading, coupled 
with his own desire for improvement and instruc- 
tion, would induce him to take up, and undertake 

1 * 
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to 9baijf as boih useful and agreeable; iisefal». be- 
cause it would show him the means of accounting 
to himself for the result of his own labours ; and 
agreeable, because it would afford him a pleasing 
olyect of speculation for his winter evenings. I 
should be delighted to see several such lads, pass- 
ing an evening together, with this book between 
them, each his slate and pencil before him, discuss- 
ing, mutually giving and solving, the questions 
which they leani from it to form out of the occur- 
rences around them. I can promise them more sa- 
tisfaction from it, than in their passing that time in 
tbe bar-room of a public house, or a grocery ; and 
more beneficial, economical results, from the ex- 
penditure in book, slate, and pencil, to assist their 
studies, (for they must write every thing,) than 
were they to lay out the cost in the vile liquor, that 
emptiness of mind leads them to call for ; they will 
soon be able to calculate : that they even make a 
saving, if they write their full studies, ideas, and 
questions, on paper, with pen and ink, in comparison 
with the expences of the deleterious pleasures of a 
bar-room. If I should succeed only in this part of 
my aim, I would consider my labour as sufficiently 
rewarded; and I would have the greatest enjoy- 
ment, to meet witli such a company, afford them 
assistance, and partake of their rational amusement. 
For the use of this book, I should like to advise, 
the teacher, as well as the student, first to peruse 
attentively the theoretical principles of any rule or 
subject, and then exercise his scholars, or himself, 
in the application, which will give him an opportu- 
nity to generalise, and clear up their, or his, ideas 
properly ; and after having gone through any of the 
principal subdivisions, to take a general view of the 
whole ; taking care to comprehend the leading prin- 
ciples, and the mode of considering the subject, that 
has been treated of 5 in this way he will be enabled 



to make a proper use of it in the parts to be treated 
Bext. 

It is an unaToidable condition in every systematic 
work; that the subsequent parts shall be grounded 
upon the preceding ones, and therefore these must be 
supposed known in the progress of the work, as it 
proceeds. Therefore also the study of no systematic 
and good work, can be begun in any other part than 
at the beginning, by any scholar ; that is, a per- 
son not fully acquainted with the whole subject of 
the book, but seeking instruction from it. If any 
person thinks he knows already some of the ele- 
mentary parts, and wishes to study only the sub- 
sequent part, it is necessary for him to read over, 
attentively, the parts with which he is acquainted ^ 
to make himself acquainted with the manner in which 
the author expresses himself upon those subjects, 
which he has his own ideas upon. By comparing 
these together, he will be able to understand pron 
perly, afterwards, those parts with which he is not 
acquainted; and therefore read and study with 
success ; which otherwise will certainly not be the 
case. This is nothing else but what is necessary 
between all men, in any intercourse, that is, the 
necessity of being acquainted with each others' 
language. 

^tW'YoTk^ October^ 1826. 

F. R. HASSLER. 
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TIBBT EIJBMENTS AND DEDUCTIOIT OT THE FO¥Er 

SIHLES OF ARITHMETIC. 



CHAPTER I. 

Fundamental Ideas of Quantity. — System of 

^TuMeration. 

§ 1. (QUANTITY, which U the object of Arith- 
metic^ is the idea that has reference to any thing 
whatever, arising from the consideration of its be- 
ing susceptible of being more or less ; without re- 
gard to the nature or kind of the thing itself. It is 
not therefore an absolute existence; but a relative 
idea, that can be referred to any object whatever. 

$ 2. No quantity therefore can be called great 
Or small, much or little, in itself; it can be so only 
in relation to another quantity of the same kind, 
which would be smaller or greater. 

§ S. Objects of different kinds cannot be com- 
pared with each other directly hy their quantity only. 
When therefore Objects of different kinds are to^be 
considered in Arithmetic, it becomes necessary : 
that a certain relation be given between them, which 
is completely arbitrary as to quantity itself, and 
must be determined before any comparison can take 
place. 

$ 4. The mutual relation of qoantities to each 
other, under certain given conditions, is the object <tf 
arithmetic. In this general acception then it ad- 
mits any number of systems of combination, thi^t 
the imagination can devise. 
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«4 St' To fi)nn u^^cle^ and distinct idea of aritfa- 
mracic is neeessa'ry, to impress the mind fully witii. 
thesj3 fiuid^iiieiitfil flctey liprid the general principles 
lliat:fQl|os^ir64i^ili%Hf.***'By comparing every ope- 
'ration of arithmetic with them, they will become 
always more and more clear and useful ; the whole 
system of arithmetic will become the more simple^ the 
more its principles are generalized. 

^ 6. Common arithmetic, which might also be 
called with propriety, determinate arithmetic, limits 
itself to the most simple combinations otquantities^ 
and these are all grounded successively upon the 
first elementary idea of increase or decrease, or 
more or less, either simple or repeated successively^ 
or according to certain determined laws. 

$ 7. To express quantities we make use, in our 
system of common arithmetic, of ten figures only^ 
by the means aX which, and by their relative places, 
according to a certain law, we can express any 
quantity whatsoever. This law is called the sys- 
tem of numeration ; and in particular the decimal 
system, from the individual circumstance, of its 
using ten different figures, nine of which are signifi- 
cant, and the tenth indicates the absence of the 
quantity (or thing, or object.) > 

$ 8. These figures are in^ regular succession 
1, 2^ 3, 4, 5, 6, 7, 8, 9, andO; this last is used to de- 
note the absence of a quantity ; the 1, denotes the 
unit of any object, of whatever kind or nature it 
may be ; tiie subsequent denote in regular succes- 
sion each one ol^ect more than the (me before it. 

$ 9. To denote quantities which exceed the num- 
ber of significant figures, (or above 9,) recourse is 
had to a law that assigns superim* values to these 
figures, according to the order in whick they are 
placed, assigning to them a value as many times 
Ipreater, in every successive rhanee of place from the 
right to the left, as the number <» figures indicatesi 
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w4 ther^ore in our usual system of tea figures, a 
tenfold value. This must necessarily be the law if 
the qrstem be able to expi*ess all numbers, because 
any other law giving another relation of value to 
tiie places, than the number of figures, would either 
leave a space of quantity unexpressed, or occasion 
double expressions, if it were to increase in a 
grei^^r or less ratio than thai number* (The cir< 
cumstance of this increase tiiking place 6rom tiK) 
right towards the left originates in the fact, that this 
BjsUam ia borrowed from the Arabic or rather 
Asiatic natiops, who have the habit of writing fron^ 
th^ rigM towards the left, instead of our writing 
from the left; to>^ai*ds the right.) 

$ 1 0, Thence we have for the successive vi^liies of 
th0 numbers, in their successive places from th# 
right to the lefl;, the denoi^inatioiisshowii in the SoU 
lowing table: 

^ o 5 a o 

. , a© at n ^ *1 '^ 

B(3 o. ST oT OD ID Oft 

» * ^ A r» ^ fs 

B Sj "^ •*» ^> "•>*** 
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1 1 1,1 1 1,1 1 1,1 1 1,1 1 



en Q. a. Qb 

OQ en oa 



Sucb would be the value or denomination of any 
figure, placed in any one of the places, and if no 
quantity of one or the other of these denominationi» 
is to be expressed, the place of it must be supplied 
with a 0, in order to give to the next figure its pro- 
per rank.^ 



$ 1 1 • In reading the numbers we follow ottr tiBUfil 
waj of reading, and therefore express the great' 
est quantities first; to render this reading more 
easy it is also customary in large numbers : to di-* 
vide off by a (,) every three figures, which divides 
them by hundreds ; so for example : 

689,347' would read thus: 
Six hundred and eighty *nine thousands, three ban* 
dred and forty-seven, (understood units.) 

13,842,167 reads thus : 
thirteen miUions, eight hundred and forty*tw« 
thousands, one hundred and sixty-seven. (It will 
be proper in this way to exercise the beginner in 
reading numbers, or what is called numeration.) 

§ 12. It may be easily conceived : that other sys- 
tems might be formed upon the same principles, and 
of course with the same properties, as to the ex« 
pression of the greater quantities by the successive 
rank or place of the figures, and with any other 
greater or smaller numbeV of significant figures ; 
besides the (0,) which must, like the unit, make part 
of every such system of numeration. 
. If no other figures were used but (1) and (0,) that 
is presence or absence of the quantity indicated by 
any rank or place of figure, the value in each place 
will always be successively double of that in the pre- 
ceding place, and the whole of the calculation would 
become a mechanical mutation of places ; so for in- 
stance in this system the following numbers 111101^ 
transcribed into our usual decimal system, would h^ 
S2,. 16, 8, 4, and 1; or (61.) (It will be a very 
good exercise for the reflection of the scholar to try 
some of this kind of expressions in different systems.) 
$ 13. It may also assist in clearing up the prin- 
ciples of the decimal system,^ to contrast it with the 
old Roman system of numeration. This consislsr- 
in the iise of seven letters having each a particular 
signification, as : 



M 9 for one tbo^sand 
D, — five huodred 
C, — - one hundred 
L, — fifty 
X, — ten 
V, ~ &ve ^ 
I, — unity. 

In t^is system therefore, the numeration consists 
merely in writing as many of these letters as wiU 
make out the quimttty desiredj and the whole arith-* 
metic consisted^ in placing or taking away, upon a 
Mack board, as many marks under the denomination 
of each (^ these letters, as the calculationrequired* A 
had habit of the Romans, in later ages, introduced in-* 
to this system anomalies arising from their consid- 
ering one of the figures of an inferior number, when 
placed before a higher one, as subtracted or taken 
away, from it, as f^r example ; lY was written fen* 
four, XC for ninety, and so on. 



CHAPTER II. 

Generai Ideas, and Jfotation of the Four Rules of 

•Arithmetic. 

$ 14. The first and simplest combination of quan^ 
titCes, and therefore also the first and simplest ope- 
ration in arithemetic, from which all others pro-* 
€eed, is called addition. Of this we have already an 
example of the simplest kind in the system of fig- 
ures, that presents the successive additions of unity 
in their regular order of succession, and therefore 
also presents the combination of the quantities by 
addition as far as the sum 9. Mditian consists 
tiierefore in finding a quantity, or number, equal to 
two or more other quantities taken together} or^ m 

9. 
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it is usually called : to ftml the mm of two or more 
numbers. 

$ 15. If on the contrary the difference of two 
quantities or numbers is to be founa, the operation 
iscaUed subtraction. In this operation the smaller of 
twonumbersy which is called the subtrahend, is taken 
away from the larger one, and the result is called 
^e remainder ; it is eridently 1^ opposite of the 
foregoing. Only two quantities or numbers can be 
concerned in a subtraction, for one result ; if more 
numbers are to be subtracted, it musrt be done b]r 
a new operation. 

$ 16. All the subsequent operations in arithme* 
tic, are combinatimis of the two preceding ones ac« 
cording to certain laws. 

$ 17. The addition of the same nii/itiberor quanUty 
a certain number of times, is eaUed muUtplicatum, 
When this is treated in detail, the manner in whiibh 
the principles of multiplication are deduced from 
those of addition, will be shown. The two num- 
bers multiplied into each other are called factors, 
and the result is called the product. 

$ 18. The opposite of the operation of multiplicor' 
tion, is called division* It represents a successive 
.subtraction of the same number, a certain number 
of times, from another. The number from which 
this successive subtraction is made is called the divi- 
dend ; the number repeatedly subtracted, the divi- 
sor; and the result, the quotient, it indicates 
how many times the divisor is contained in, or can 
be taken away from, the dividend. 

$ 19. These four operations of arithmetic, uddi- 
tioUf subtraction, multiplication, and division, are 
called : the four rules of arithmetic. It has been ob- 
served that the second is the opposite of the first, 
and the fourth the opposite of the thiird^ and such 
must be the case in any system cf cf^pibination of 
quantity that can be devised. In i^ll arithmetic^ it is 
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always necessary jL that both the direct and inverse 
operation shall be devised ; and directions or rules 
deduced and given for their execution* 

$ £0. To facilitate the expression of the idea of 
these four operations <m* rules of arithmetic^ certain 
signs are made use of, to indicate them in an 
ahridged^manner, which it is proper and very use- 
ful to understand ; tiieir use will conduce to clear* 
ness in the expression <^ the <q)ei:ations of arithmetic. 

To denote an addition the sign (+)i^i|sedy as for 
instance, if 7 and S are to be added^ this will be writ- 
ten, T+Z, and in the same way for more numbers. 

To denote a subtraction^ the sign ( — ) is used, so 
forinstance^ to indicate that from the number 7, the 
number ^ is to be subtracted^ this will be written, 
7—2. 

To indicate a multiplication the numbers are se- 
parated by a full stopj^C.) or by this sign, ( Xf ) thliS 
to indicate tlie multiplication or 7 by 4, we write 7. 4 
or 7 X 4. If two or more quantities already 
united by + or — are to be aflfected by the mul- 
tiplication with one number, these quantities are 
inclosed in ( ) and the multiplier written to them, in 
the same manner as before to the single number, for 
instaace {7 + 5) X 13 is the sum of 7 and 5 to b^ 
multiplied by 13. 

To indicate a divisiont two different signs are also 
HAade use of; either by placing two dots, or the 
colon, (:) after the divi^nd, and writing the divi- 
sor ^er; or by writing the divisor under the divi- 
dend separating them by a horizontal line, thus 
8:2 or I denotes that 8 is to he divided by 2. 

Brides these four signs we^ are yet in need of a 
sign to express the equality of two quantities ; this 
is done (by two horizontal parallel lines) thus, =• 

These ij^ns will suffice here, for other forms of 
calculation^ or combination, otb^r signs are made 
use q{} bDt itiriUbejoiuch easier tQ understand their 
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meaning when the subject itself is treated ; it is 
therefore more proper to postpone their explanation 
for the present. 

$ 21. As it will be proper for the scholar to ex^ 
ercise himself in the expression of these signs, in 
order that he may become familiar with their im- 
port, and acquire clear ideas of arithmetical opera- 
tions, I shall here join a few examples of the four 
rules of arithmetic, which the teacher may afteT- 
wards multiply. 

In Mdition* 7+9=16, means the addition 

of seven and nine is equal to 
I69 or the sum of 7, and 9, is 16. 
7 + 3 + S = IS 5 or the addition 
of seven and three and eighty is 
equal to 18, or the sum of 7, and 
3, and 8, is 18. 

In 6iiih traction. 13 — 7 «= 6, means the dif- 
ference between 13, and T, is 
equal to 6; or 7 taken from 
13, leaves 6; for example: we 
shall have, joining both the pre- 
ceding notations, 1 3 -}- 9 — 8 = 
22 — 8 = 14 5 which as ii^ shown 
by the above example^ it will be easy 
for any scholar to express lii wordd, 
but the idea conceived as it is writ- 
ten by signs is the best mode of 
expressing it. 
h% Multipliedtion. As a repeated addition of. the 

same number first, then as a mul- 
tiplication of factors, equal to a 
certain product, it will be expressed 
as in the following examples : \ 

7 + 7 + 7 + 7 = 4.7 = 4 x7« 28. 

5 + 6 + 6 + 5 + 5 = 6.6 = 6 x 6 «25.^ 

and thus in any other case. 
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M Maimm. It^^.^ffresm ii'fiwm. hj ft sue- 

ce96iv4i suMraotiQii of one muiib^ 
1 « c^-tttiA iiiivdber Qt iifms froia 

awtbcar^ we Aal), in the case 
ef tliis 9iibtraettoii e^hattsting the 
ii9H»ber» redQce it 4o 0,, and tbere-^ 
by show that ttie ttiTisor iaeon^ 
tainedin the dividend* exactly a^ 
laany times aa it bm hem poaaible 
tot 4»ubt3raet it^ so we would have 
forinstense» 

Which showing that six subtracted five tjm^ from 
30^ and its successive remaix^dei^i^ leaves nothing f 
therefore, if we express this as a division, havinff 
the result, or quotient, on the other side of the sign 
of equality we obtain in tbifi case the expression 

If the successive subtraction of the divisor, should 
at last leave a number smaller than this divisor, it 
will give what is called a remainder, that is still 
affected with the Aggi of division by the divisor ^ as 
for instance in the following example : 

36 — 8 — 8 — 8 — 8 = V=4 + f 

'^Tiiis last part of ttie expression indicates a division 
tiiat can no longter be ^ecnted, on account of the 
divisor briitg greater than the dividend ; it no 
longer gives a wlM>le quantity in the result ; these 
expressions are called fractions, and we thus have 
already the fundftraental idea of a fhiction, from 
* which we shall hereafter ^duce the principles of 
cafculation that, are adapted to tbem^ 

$ S2. By m6ans of tbese explanations of the prin* 
c^les, andthe notations, of arithmetic, it is pri^r 
for Ae teacher to introduce his scholars to the sub- 
ject^ and prepare them for its foture practical appUr 
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oation^ if he would not make it a study toilsome to 
the boy^ and an equally toilsome task for bimself. 
No teacher ever had a scholar \^ho did not ask him 
(why 7) when he directed him to do something; and 
tills why, the reasonable and faithful teacher must 
answer in a satblactory manner ; this will be ren- 
dered easy by the preceding process^ elucidating 
the principles of arithmetic. The reasoning of 
tiie child must be cultivated, if h<^ is ever a4stuaUy ta 
understand arithmetic, and not forget it when out of 
school, or out of practice, as will be the case, if he 
has only committed to memory dead rules for which 
he saw no reason. By such a process arithmetic 
will ever be agreeable to the scholar, as an exercise 
of his intellect within the limits of his capacity. 
The time spent in explaining and reasoning with the 
scholar upon these principles will be amply gained 
by his more successful and regular progress in 
arithmetic, when applyii^g it to each individual rule 
^nd case. 



CHAPTER III. 

Jfie four rtdes of driihmeiiCf in whole numbers. 






$ 23. ADDITION, has been defined as the me- 
thod of finding a quantity, e^ual to two or more 
quantities, taken together. Its expression as a 
problem, is therefore : to find Ito sum of two or 
more quantities. /From what has been said of the 
principles of the system of numeration, in common 
arithmetic, it follows <^that in order, to prepare the 
given numbers for addition, iliey must be written 
under each other so as to bring the units of tiie one 
under the units of the other ; and so all the numb^!»a 
successively higher in the order of the system of 
numeration^ will each come under its equal deno^ 
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miMKtxim; by which means they may be added the 
more easily. 

Then the nambers are added together^ in this 
order, begkming always with the unit and proceed- 
ing until we reach the last on the left hand side. 

Example.— To add 176873 + 34719. 



Write these numbers thus ; 


176873 


■ 


34719 


and draw a line beneath them ; 
then add the column of uoits. 




12 


tens, 


& 


hundreds, 


15 


thousands, 


10 


ten thousands. 


10 


hundreds of thousands, 


1 



211592 

placing each particular sum so that tlie figure on the 
right hand shall be under the numbers added; then 
draw a line and add the numbers as they are now pla- 
ced. The result thus obtained will be the sum of the 
numbers added. It is evident, here, that whenever 
the sum of any one of these individual additions 
exceeds what can, in our system of notation, be 
written with a single figure, we had to place the 
figure coniing to the left of it, under the next high- 
er order J and in the second addition, these numbers 
were then added to the result of the addition next 
following. This can therefore be done at once» by 
the following process. 

Having, as in the example, found the first sum, 
9 and 3, which is 12, (or + 3 ^ le) the 2 is placed 
under the unit, and the 1 is kept in memory to be add"» 
ed to the next operation, in this case to the sum of the 
tens, (which is called carrying ;) so that in this next 
addition you say : 7-|-l-|-l=5=9or7 and 1 is 8, 
(as marb^.in th^ exi^mple,) and l carried gives 9, 
which is immediately written to the left of ib» formei^ 
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reMi, or under the tens ; tUs number can be writ-> 
ten entirely, and therefore gives nothing tacarrj. 
The next or hundreds would -give 8 + 7 =^ 15> or 
8 and 7 is 15; write 5 and keep I ; then tike ncod^ 
6 and 4 is 10, and 1 kept is 11 ; (or 6-f 4-h 1 » 1 1;) 
and so on to the last figure on the left hand. 

$ 34. If there is a greater number of figures to 
be added the same moile of operation is used, only 
repeated as often as the Bumber of figures giv^i 
will require ; as for instance in the following exam* 
pie: 

To find the sum of 674^1 + 389 + 641827 + 30 
+ 4 + 7259 = 

Write these numbers all under each other so that 
the units fall in the same column, and the other 
numbers successively under their respective places, 
thus : 

67421 

389 

641837 

30 

4 - 

7259 



716930 



Then, having drawn a line beneath, begin again by 
saying, in the column of the units, 9 + 4 + o -h 
7 ^ 9 ^ 1 ss so, write 0, and keep S ; thentoirihe 
second column, or that of the tens, say : 3 + 5 + 3 -|- 
2 + 8 + 2 = 23 ; write three and keep two, and 
proceding in this manna* to the last figure on the 
left band | which will produce the sum fcnind in the 
example, under the line. It is necessary to practice 
such examples sufficiently, until the scholar can exe- 
cute them with fiEicility and accuracy, so that it 
becomes to him an easy mechanical practice. It is 
proper to mix the numbers o( different orders, as 
above at once and not to distinguish separate cases. 



in order that the scholar may seize the principles 
of the operatioii intellectually, and withreflection, 
and not by mere memory and habit. 

§ 25. SUBTRACTION, as has been already 
said, is the opposite of addition ; its Problem is : 
to find the diffei'ence between two numbers. 

In conftnon arithmetic it is always required, that 
the number to be subtracted be greater than the 
number from which it is to be subtracted } otherwise 
the result would become, what in universal arithme- 
tic is called negative : that is to say in denying the 
possibility of the subtraction it would indicate the 
number from which it was intended to be subtracted 
to be so much too small to admit this subtraction^ 
as the number found indicates. 

This operation is necessarily limited to two num- 
bers or quantities, if more should be concerned in a 
question, the result must be obtained by a repetition 
of the operation. 

§ 26. Of this operation in simple numbers w^e 
have given the principle in the explanation of the 
signs, as in the case of addition ; when the numbers 
are larger the following is the preparation and the 
operation. 

Write the number from which the subtraction is 
to be ms^e first, and the subtrahend under it, in 
such a manner that the unit comes under the unit^ 
and the fi>lk)wing numbers, to the left, each und^ 
its similar superior number, and draw a line under 
them thus : 

9643187 

7532043 = Subtrahend, 



2111144 := Remainder, 
9643187 = Proof. 

then take flie diflfterence between each of the corres- 
ponding numb^rs> beginning by the unit, and writ6 
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flie difference directly under these numbers^ the 
number resulting therefrom will be the entire dif- 
ference between the two given Clumbers. 

As well from the principle that tliis operation is the 
opposite of the addition* as from the consideration of 
the preceding operation, it may easily be observed : 
that the proof of the correct execution of this opera- 
tion may be given* by adding the result* or remainder 
obtained, to the lower number above tilie line* or the 
subtrahend* which addition must give the first or 
npper number for its result. It is therdbre proper 
to accustom beginners to make this proof* in order 
that they may have the satisfaction of verifying the 
correctness of their operation ; drawing therefore a 
line under the result* the two numbers immediately 
above are added, when the first number must again 
appear in the result. 

$ 27. In this operation it may evidently occur : 
that* though the quantity from which another is 
to be subtracted may be greater* some of the in- 
dividual numbers, of the inferior order* in the sub'* 
trahend; may be larger than those oorresponding 
to them in the superior number. 

In this case it becomes necessary to supply the 
Want by borrowing an unit from the next higher or- 
der of the upper number, which will of eourse then 
i*epresent a ten in its corresponding ord^ next infe^ 
rior in place and value* and furnishing oi course al- 
ways in addition to this number itself a larger number 
than that in the subtrahend, will admit the latter to 
betaken from it; the remainder is then written in its 
proper place, and if even the preceding superior num- 
ber were an 0, the lending being considered as possi- 
ble from the preceding higher order, the operation 
would be the same, an unit wouhl be borrowed from 
it, and the number afterwards called 9, again under 
the suppositiofi before made #f the lending being made 
from the next higher order^ wbichf wlii^ii renchedj^ 
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is considered as diminished by an unit. It is evi- 
dent tlvat if the superior number is larger than the 
Inferior or subtrahend, this lending will always be 
compensated before the end of the operation, what^ 
ever be its extent, through the figui*es precediug the 
last on the left hand side. 
Let tiie following example be given. 

600198066 — 356499278 

Tlace the example as indicated, thus :^ 

600198056 
566499278 



243698778 



600198069 

H^t*e in the units the 8 cannot be taken from the 69 
an unit is therefore borrowed fam^ the 5 in tKe tens 
preceding the 6, which added to the 6, gives 16, 
from which the 8, being taken leaves 8, to be wt^it- 
ten in ^e place of tiie units. (For beginners it will 
be pr^r to maHc every figure from which an unit 
has thtis beein borro\^, by a dot above it, which is 
done in order tltat it may not be forgotten to pay 
attention to it in proper time.) 

In the second place or the tens we have then 
only a 4, instead of a 5 ; we are therefore again un- 
d^ the necessity of borrowing from the next higher 
figure, though this be an 0, subtracting then 7, ft'om 
14, the remaindet^ 7, is written in tfie proper placf 
In the place of t&e hundreds we have then, by the 
effect of the foregoing borrowing, which is trans- 
ferred to the place of the thousands a 9, from whidi 
the 2 subtracted gives the remainder 7. By the 
preceding borrowing, the 8, in the order of the thou- 
sands has now become a 7, and is again insufficient 
to admit of a 9 being subtracted fi^m it | the borrow- 
ing of an unit of the higher order gives here 17. 
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from which 9 being taken gives 8, as remainder. The 
9 in the next higher order has now» by the lending 
become an 8, in order to subtract the 9 below^ frona 
it, a unit of the next higher order is again borrowed^ 
making it 18, subtracting 9 from it, gives 9, as the 
remainder to be written. The unit in the next 
higher order having been borrowed, the remain- 
ing, is made into a 10, by borrowing an unit from 
the next higher order, from which 4 being sub- 
tracted, leaves 6 ; the next higher number being 
a 9 by the supposed borrowing from the higher or- 
der, and the same being the case for the next fol- 
lowing 0, these two subtractions are made exactly 
like that in the hundreds, until ultimately the last 
left hand figure being higher than 'the number off the 
subtrahend under it, the subtraction is possible 
^¥hich being done, the number 243698778 presents 
the full remainder required by the subtraction, or 
is the difference between the two given numbers. 

The proof of the correctness of this operation will 
again be found by the addition of the subtrahend 
and the remainder, which by carryings correspond- 
kig to the preceding borrowing, will again give the 
upper number, as seen by th« example. Proper 
attention to the example here explained will teach 
how to act in every case that may occur in subtrac- 
tion, and it will be proper for the scholar to be 
exercised upon a sufficient number of examples^ that 
he may acquire facility in this operfition. 

§ 28. There are two other ways to perform the 
operation to obtain the same result; but the above 
explained course of reasoning is the 'one most 
closely connected with the nature of the question, 
and the implied requisites of the operation f it is 
therefore proper to keep the scholar to this con- 
sideration. When once he has gone through 
the whole course of arithmetic he will easily see 
the two other methods, which if taught at this stage 
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of ^e &txAj would confuse hU ideas^ and are there- 
fore intentioaally omitted here. 

$ 29. MULTIPLICATION, as has been stated^ 
is the addition of a given number repeated as man;" 
times as another number contains units, or indi« 
cates; thus every number iflT in itself the pro- 
duct of that number into the unit. It is indifferent 
which of Sie two number^ be ~iqpnsidered as acting 
the one or the other part in the operation ; therefore 
they are both (^u^a^ly called\F^tob^* the result of 
tiie operation is ciiUea the procliict. 

It is necessary, in order to pffHbrm Ibis operation 
with ease^ in more complicated calculations, to com- 
mitto memory the product of the nine nupibers ex- 
pressed by our numerical symbols. It is needless 
for writtex^ operations to go any &rther, because iht 
higher multiplications ' overreach. In writing, oi^ 
system of numeratioiu , -^ 

^e have already seen that om* system of numera- 
tion is a successive addition of the unit below 9/ 
^l^ich i^Q^ the la^t symbol of quantMy^ the next 
ifuaiiitityi^^expressi&d by a chai^geof place. If uqii^' 
we treat every one of the nine symbols in the same 
way, by the successive addition of itself, we obtain^ 
spKK^essivc^y, the product of each of the|^ i^mbols in 
tt^iioi^ar manlier^ fc»rming what is cpmii^only called 
t|iemidtiplic^oi|^ liable. Wnting Ij^refore the re- 
gi^lar i^e^iesof nmnbers as £^ as 9^ ii^ a horizontal 
§11)9, ftddefK^ of them to itself, vfriting the result 
under i^ then to this sum adding again the number^ 
find SQ In succession, until the whole 9 symbols are 
exbau^ted^ we s^aU have the following system of re« 
«ttlt»: V. .: 






f 
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Cpiisid<»ing tbe preee^tig tiAle» "we &i4iiiati;b^ 
flrstdolamntotheleft, wMch agidn contains ti^««^ 
ri^ of natUrti^ numbers of our system o( symbots» by 
the successirie addition of the unit/ keeps an aecount 
of ail the other successive additions ; or that it indi- 
cates hoir nfiany titties this addition 4iasfbeeh repeal- 
edf and that ih(& result of any'mtliiber of 'i^nich atddl- 
tions^ of ariy ojie of the . sticccssive numbers* fe- al- 
ways found in the meeting of 'the horfvOntatl aftil 
vertica} lines of the two numbers taken as fecto^ $ 
thnSf for instance^ under 7> and where the horizoi^l 
line marked 6^ in the first column^ meets it, we'«tind 
42) that is, the addition of 7 six times repeated gives 
the result 42. In like manner under 6, opposite to 
the 7 in the first Column, will again be found 42. 
So 6 times 7, and 7 times 6, (such is the usual ex- 
pression,) are equivalent ; as has been stated above ; 
and such is the ease with any other number. 
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i» easily iQl^nririble^ aad sooe atteiitioii to H witt 
a8c»8t itii^isii^ thefQ Jem tbe memoryj it is beat 
ii0t 49*^^104,1)10 ?beginiuer with a longer table^ tow 
w^ich^ Jke bfls fiQ ii«»» until he iMj^ m practical ufh 
pUonttfHiy wfistb to calculate froia memoTyf withoujt 
yniting;^' wbi^n the eircninstaBce^ of ita possensiag 
fai1;Qr«tit aHhd usefoli^oss wili make, that task easy, 
i^bieh attbi943tii%e of institHdioii is a dry a«d uae* 
less kJioij^. , , t 

$ d0« We SBMNt now 8tip{Kise : that the scalar has 
aqqi}ir«!fd swie. facility i^ tliettse add application of 
iM resttltB of #10 prdcedinflfAlei ;a»d shall proceed 
to shQw the, details of multipjicatioti by ^samples. 

Bib it .gi^^itt^ nraltiply 357^7.9 by 6 9 orto ejES*. 
euliyidiat is^^^essed by .^!&ii^0tiapltiplku^at 

Wi^te Af^smaUf^ $v^ol*> m tbi^f eae^^^tbe 6, ttnder 
the otber» so thfit the units staad und^r each other ; 
iben.^xc^oalc^th^.nMiIt^Ucatioii^of each of the num- 
bers ^1 the tlnrgfr liN5tor aecoossii^dy, atfd writer 
th^ f^iult ttnder . th^ b^iricsmtfdf^UM ^b«wn bdoW 
th€^|El^tq«9y so tbf^tbAi^il^tlb^ tiie pro- 

duct ^iiil rtwajHist stand jmd«Rf.fto wiaber midtt* 

r '* j?'-j; • 'i . ■ .(.' : r -■' .^ - '. , ^. ■ '^- 
t - r ;{fvt\'*-. •;'! i M '^V^' -' ■'' •' ■' ' * 

I • t » * * ^ ^ ' * 

':.'/ •'K;jii;f»:' i ;',rs; j|>S )'rf " - is* ''ii-'in-'i n ^ ■■ - ; ^ 

thwg iJUnliti^ -aM tiiete produto^ 1|ie swn rtMlt^ 
ingl wMl/be #sigQiiral phidnebvC thewbotemnm* 

pJic|Jttoii;fti^ i'-:>n': i^ .j. --.r. 'r - mi; 'it-. 
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The inspeetton of this detailed exei^Umi #f ike 
M^eeeding example, shows that we may again ^ppljf 
In this case, the mode of abridgj^meot that has been 
pointed out in addition. We would, tlierefot*^, in 
the preceding exampie say, (analogous to S^hat has 
. been done in addition,) 6 times 9 is 54 ; wri^ 4, 
$M keep (or carry) 5 ; th^n keeping this 5 in mind^ 
we would next say, 6 times 7, is 42, and 6, is 47 ; 
writing again the 7, and keeping the 4 to be added 
to the next product; then 6 times 2, is 12, and 4 , is 16; 
when writing the 6, ajid keeping 1, aiHl proceeding 
thus to the end of the number, we obtain at once 
the same numb^*s that aj^ar abote, in the final in- 
sult. This mode* of proceeding is therrfore the 
usual mode of operating, with eafch of the numbers 
of l&e factor that is c^hosen, for the purpose of taking 
the multiples of the other by it; 6h* which, as'i^itf 
before, it will be best to eboose the smaller on^, be- 
cause it gives the shorter example in writing* 

$ Si: But when both' factors are compound num- 
bers, it is evident that tiie multiplication of each of 
flienumbersof theotie^^cannotbemade atoncewith 
all the numbers of the cither ; therefore we must pro- 
ceed with each number of the one'£M^t<^, exabtly as 
shown above with the single number ; and iti order 
to give to each individual result its proper place, we 
must begin to write the first number of each pro- 
duct on the right hand side, exactly under the num- 
ber of the multiplier of which it is the product ; as 
its proper unit. The sum of all these partial products 
is then made, by the addition of all the numbers in the 
regular order in which they stand under each other, 
as this has been done in the preening example, with 
the partial products of the simple number. 

This shall be shown in the foltowing example, in 

which it is required ievpertfbvlft the fiu)^qilfeatHm 

174392 X 6435$ writing the fSftetc^w^pn^rlyl linden 

each other, so that the units stand under eacLofl^r,. 

and the other numbers follow in their regular order. 






•1, ;;?:,., i'r' •i,.<174^CT8 



643^1) 



I ' 



* ' 



. r 1 
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Iir ^ immir^ efeffexkta'iAe, mhk^iisv quantity 
of Agu)*es 'it iiiftj he ebtrnk^sed of, wiH stand. 

if any ef the %ui^ in' tite n^niber to be mnlti^ 
plied, ^Mch ifi called the nlttltipli^nd, shontd be an 
O, its {Product into any nijto%er wteeitdoevei^, is ex o j 
be<;anse O' times ^n j nambiei^ wbateVcfr, aht^^^ Indi- 
cates that the mraibel^ Isrf^c^ tbei^f the ]plaee will, 
thei^ai^t^M^ cfifiy that mmbier which miTf bi& 
cslrri^ ov^ froniihe ji^eti^rit^'^uttfpliei^tiony and 
if liqWebe ciatri^d;^Oflly aWo, ' - ' ^ 

if an 0^, oet^tiirr attong fhe m^Merd by wl^b 
tb^ ttenltij^t^ation is to be peilbraiedv toth^ multi- 
plier, the whole row of figures to be nfiultipUed by 
itr^rodudng a result s= O/^e place where the first 
mniiba^ would iitaiid^%il}(mly be marked by an 0^ 
atid^^ MtiMpM^I&on tfy^he nelt following mim<^ 
^tt'^ li^gdh in tlii^ iM^ ^w^ MinlMiately after, 
tti4b ^^acing* eikih r«s^^'ili ^)pf0p^ plaee. 

The following example will explain Idth the abofte 
cas^, whet^'^ eflfiBcl 6f the twdio^^ inthemulti- 
plielf'ls i^hid#li by the reftHryfal towards the^Mt ^ 
thetWolatttt'^roWsolFflgui^.- *^ ; 

. • »''/•■' .- ■'•3003904'"*-''^ ''■'-: ^ 

y V •..:■. •'. I.; '. ' . ;60S03 

'! T.' i^J' i l ' J -I' l l i i > J - . - 
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$ 32. It trill be<]Nnqp«r tiir eief die the ^ebdlor » 
a variety of examples, until he has become accuse 
tomed to the operation, and is able to make any 
multiplication without error: the younger the 
scholar may be, the easier the examples must be in 
the beginning, and must gradually increase in diffi- 
culty, by the combination of different cases, and larg- 
er numbers. Still, in this it is to be observed : that 
when the beginner has performed examples gradu- 
ally with the whole seri^ of the nine simple num- 
bers, it wUl b^ ]^per to shc^w bim only, what is 
the effect of ft cpinfKHincI multiplier, as a repetition 
of the similar operation of one immber only, and 
the addition of t^ different partial products into 
one whole ; and not to folkiw servilely the augmenta- 
tion by one nuipber, (ar place of figures,) ttiat he may 
noti as. often hai^nSjty consider ,tba^ he has every 
time a j^w difficiijliy t^^ osi^ercome, hut m^st himae|f 
come to tl]« observation, that multipUcfttionby a uuiii ^ 
foer of places of figures; is a mn^re rq^tition of the 
Ql^ration he knows, requiring nothing but a little 
more att^tion, aud m^re accuracy in the placi^gi 
oftbefigi^es. - 

$ 33. DIYISON, is .an operation the opposite of 
JifuUiplicatimf as has i^^eady .|>e§i| sjtatedj Jts pro- 
blem is therefore : to find hovir.imifmy tifnes ii^vea 
number is contain^ |i9|raaot]^^ gilii;en ni4mbeiv which 
is thus coii3idered asa ]pr^d^q;t of the firstjind the 
quimtity sought* if / ; ,p. ^ - , 

The table of ji^^ucts, ^r multiplication' t^k^, 
^ven above, inay tfaerefoirci be bei^ .ii|>plied Inve^rse-* 
ly^ a ready and habitual imowledge of its results is 
therefore also constantly applied in this rule, by the 
comparison of its results with the quantities pre- 
senting themselves in-an example. 

While all the preceding operations have begun at 
the unit, this on the contrary must begin by the 
highest numbov or order of symbols^ for the greater 






wasAer of 4toi^» Mrhiek one qoaittiiy may be con- 
tabbed la «notker is necessarily to be taken oat, tnr 
condder^ firat, tfie infmiH* numbers will iken fol- 
low in tbeir regular order, and keeping account of 
tlw Talue of any remainder from tbe preceding ope- 
ration in its proper rank, as in tt^ follovring example, 
which we sliall ^press in the manner that hi^ been 
shown in $ 20^ in order to accustmn llie learner to 
keep the is^tematie lai^age oS the operation its^, 
which \b always the most preferable method ; with 
tbisimw we shall draw a horiasontalline under tbe 
dividend^ under which we shall place the'divisor^ and 
the result, or quotient, will be written on the lig^t 
)iand side of the sign of equality which follows 
th^n> thus : - 

84^316 
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Heve i^ne 9ay a, in 8, is' contained twiee^ i^ 
haying written the ^ as the first number to the 
quotient, |^e. inuisit , make tbe product of it hj 
ti|€} diTisQi?5i .write: it undc^ tlie^coiTesponding Rum^ 
bear ^£^ediyi4end,,a]^d subtract it froin it 5 this |^. 
dujcijbelng 6^ in this ,ca?e the subtr^ibotion leaTes J2y 
08 a remainder. No% for the sake of easier distinc- 
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tiottv^B-ptftee tiie..Be^ nuaiMif.b7iiud«ide<^.4liis 
TemaiBdery ^bicb being 4, gives for tb« m&xt mmmr 
b^ to te divided ^^ < Now d^-iS'in.S^cdiitftitied:^ 
tunes ; pkkciiig %he 8 in tbe qltotieiit^miilti^l^Dg the 
dbjritylbepi^ticstof 3 ttmesSf placed uadi^r . tbe 
S4^ being also.^^ teavsea no. remainder ; ^^cin^ tbe 
neKt:nunlber:£ downr^wcifind, that3tH>t being: eon'* 
taiiMl in it^ we. must indicate tbls ; by an Q^ in tbe 
qiliaiielit) for* the rank or order, of the nuneriia s^a- 
tentr eori-es^ndingy wbich being dohe, tbe hexl linni- 
h^i, a^ is taken down tk) the. right side of €ie 3^ 
whickt maldng 23, odK^ toy din.&Stiw^iU be cbntatned 
7 tiilies j writing' the 7 in tbe quotient, multiplying 
the 3 by it^ and subtracting .tbe prodiict 21 from 
the 23, we obtain the remainder 2 ; taking down 
the 1 which gives 2U we say again, 3 in 21, is con- 
tained 7 times, and the product 3 times 7 being 
equal to 21, leaves no remainder ; lastly, bringing 
down the 6, we find 3 in 6 twice, and writing the 
2 in the quotient, and subtracting its product by 3, 
from tlie 6, we obtain the exact quotient 280772. 

Division being the opposite of multiplication, 
we have the means of proving this result, by 
the multiplication of the quotient by the divisor ; 
the product of which must be equal to the dividend, 

as is evident from the definitions given of this ope- 
ration. 

Writing then the divisor under the quotient, and 
lP®?*f?^"*inS tlie multiplication, the product resulting 
will be equal to the dividend, if the whole operation 
*f ,^/^" ':'Shtly performed. 

^m w IJ?®,^^^'^^^^ is not contained an exact whole 
!^^.^nal^^.\'**®» i'^ the dividend there willremairf 
Kor wt^ i!^ division, a number srfiiiller thto tMs 
indfcafe fttiiv *^^''*"*^^ theiremairidl^f. In order to 
ittt^ber is vZ l^ *^tdW te^nlt of ttM^dWisibh, thin 
^«* the mZL^ ^^pUm id th^^^hd of the i^tfeHI^ 
i: . r*^*??** ^'•h^tfen iWdferit>atkl-ihdAi<^itM 



Hm between th^tt^to 'ln4ieiitetiiAt this diVlsioii 
tAouM yet be made. > ) 

9BClii»niibers as itidie^te a^Mston ^idlieh can- 
not, be exeetttedy are cM^lprep^fra^HoM, while 
every' division, indicated as above, of a tuittbef 
larger ittian the divisor, is, in coHiparison with these, 
eaHedr an improper fraction s and, when ^oonsfdered 
in this point of view, tbe niitnber corresp^Mfdin^ to 
the dividend is called thennteerator, and the imii^ 
b^* corresponding to the divisor is called the de- 
nomhiatiMr j while the quotient, wfaaitever it may be, 
will always represfrat the value of the ft^action. 

This general idea; of fractions, the origin of wiiich 
it is proper t» ^low here, will hereafter be the fun- 
damental idea from whidi ^e calculation > of this 
kind of i|iiantittes i» to be dsdaced«* 

l^efolloi^g is an ^ounpietbat will show such a 
divimbn; and the: mode of operating In the case. ^ 

B^«»g S'veh to divide 

7836921 

«.,= 9794901 



8 
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' 7^ 

In jQais example I we see ihat tbejfirst number pf the 
highest order being smaller than the divisor, we 
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tiie 8, «a0 be tik»n away wiih ft coiMAdcriUe 
renuunder. 'Writing thetl 8, as the 'firM; Horn- 
by m the quotient, we iimk« the prodttct'8 x^TSBf 
and place it under iim respectiire numb^^ of the di« 
Ttdend, so tiiat ttici product of the fnrt nMttb^ of 
the divisor^ ^at is to sa^, 7X8 tsmy stand under 
64, and tlie> others follow in their regalar ordnp^ 
we now make the^Mhb^ctimi, itf tiie same maaMi^ 
as baii been often blfiid^ showir, wiiich kmves 341 as 
remainder; as this is less than the divisiff it also 
proves that no greater number could have been taken 
for the quotient ; to this we join, as in tte preceding 
examples, the number of the dividend next idfter those 
used in the last svihtraction, which is here 9 ; and 
now proceed as befot« to compare the products of 
7 with the 54, as the nuitiber presenting itself here 
for division, in the same rank as the 7 of the divi* 
sor ; this shows 4 as the nearest factor producing 
witi^ 7 a multiple, ($8,) inforior to 34, and leaving 
6 as remainder, while 4X58 gtvtngDnly a 2 to cairy 
to the place of the hundreds, leaves sufficient room 
for the whole product; we thus obtain the remain- 
der 387, that is again smaller tiian the divisor, and 
placing after it, the next following number, 2, we 
sajr first 7 into 38 is contnined 5 times, ai^ the 
irodioict^ 5X7 ffi ^, tiakeM from S8 leaving 3, the 
product 58 X Sj giving onljp 2 to caUfy to <be place 
of the hundreds, will lec^e asuffident qfaaatity for 
the subtraction ; tins %etng performed, aiid the \S 
placed iii the quotient, we have the remainder SS $ 
then placing the'l ^own after it, the resottiBg 891 
contains the divisor, Evidently, only once. Placing 
1 in tii^ qtciotient, the subtraction toives 7S $ when 
the last figure, or 3, is written after this, the wra^* 
ber 733, that results, being less than 759, the Iat« 
ter wiH not be contained iii it; tills gives^im in'tiia 
quotient, for the lasttwhole nufffber ; and tiie unexe* 
€utable dlvi«i6n <p| as a fraetion or reminder, as 
la the second or foregoing example. 



The jnrodT of this example is i^n made in lite 
soune manner as in the last ; multiplying 8450 X r5S 
and adding 733 to it« the dividend will again be 
obtained, as seen in the example. 

The remark which has been already nMtde, upon the 
]^fH>priety <tf practising any of the elementajy opera- 
tions untif a competent dexterity is acquired, of 
coarse, also applies here. 

' The detailed manner shown here, is what is nsa- 
ally called long division ; and even experienced cal- 
culators may often find it proper to apply it, when 
the number of places of figures in the dirisor is 
great. 

§ 36. For common calculation it is often desired 
to spare writing out the numbers for the subtrac- 
tion, and writing only the remaind^^. This is 
carried on as in the following example. 

Giren 9460763 



= 10763^y 



879 879 

6707 

6545 96867 
2713 75341 
76 8610476 



^ 9460763 

Here the divisor is contained once in the three 
first numbers of the dividend ; the 1 being placed in 
the quotient, the subtraction is immediately made 
from them, and only the remainder placed below ; 
which being 6r, and the next number, the 0, being 
put down to it, the divisor, 879, being larger than 
670, the next number in the quotient becomes a 0. 
After writing it, the next number, 7, is taken do\*Ti 
from the dividend, and in the resulting 6707 the 
divisor is contained 7 times. Now the divisor is 
multiplied by this, and the subtraction of the result 
made in the memory immediately, and again only 

4 
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the remaindw written down» thus : say 7 times 9 
is 63^ subtracted from 6T9 which the number above 
must be supposed to repn^sent* in order to allow 
the subtraction-of the product of the unit or first 
number, leaves 4, which is written down as a re* 
mainder under the r« and the 6, which the num- 
ber in the next higher rank has been supposed, is 
kept in memory, and added to the next product of 
the tens, or next higher order of numbers, with 
which it is tt)cn again subtracted ; therefore, con- 
tinuing the multiplication, we say : 7 times T is 49^ 
the 6 kept being added makes 55, that subtracted 
from 60, which we suppose to be the number above, 
having the in the first place to the right, the re- 
mainder, 5, is written under the 0, and 6 is kept to 
add to the next following product ; for which we 
say 7 times 8 is 56, and 6 carried is 62, taken irom 
67 leaves 5. Bringing no>\ the 5 from the dividend 
down to the remainder 554, we have for our next di- 
vidend 5545, in which we say : 8 in 55 is contained 6 
times ; and as 6 X 8 = 48, leaves 7 in the place of 
the hundreds, for the carrying of the lower numbers 
following it, is evidently small enough to allow the 
subtraction of the whole product ; so we say again, 
6 X 6 = 54, from 55^ leaves 1 ; write it, and carry 
5 ; then 6 X 7 = 42, and 5, is 47, from 54, leaves 7 j 
write 7 down, and carry 5 ; lastly, 6 x 8 =s 48, and 
5 is 53, from 55^ leaves 2 ; the remainder, presents 
therefore, 271 ; to which the 3, as next lower num- 
ber in the dividend, being written, we find 7 in 27, 
is contained 3 timers, or 3X7 = 21, leaves 6, a 
sufficient remainder in the hundreds, for the carry- 
ing of the product 3X79; so we say again, 3X9= 
27, from 33, leaves 6, and 3 to carry ; then 3X7= 
21, and three added gives 24, from 31, leaves 7, 
and 3 to carry; then 3X8=24, and 3 is 27, which 
subtracts without a remainder, from the 27 above; 
and the remainder 76, to which we have no other 
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nmnber to set down from tlie divisor, gives the nu- 
merator of the proper fraction remaining, V^, as 
a division that cannot'be executed witii our pres^it 
means, '!<' 

In the manner the reasoning has been carried, in 
tiiis example, every other more complicated case is 
to be executed ; it is therefore expected that it will 
suffice to introduce into the practice ot this method. 



CHAPTER III. 
<y Vvlgar Fra4M(m8* 

§ ST. We have seen already, in $ 11, and at the 
end of Division, that fractions are unexecuted divi- 
sions ; we have also seen, that in consequence of 
this, they consist of two parts, correi^ndine to 
the two parts or numbers engaged in a division : 
their form, <Mr the manner of writing them, we have 
seen to arise naturally from the division, when a 
number remained ultimately in the dividend, which 
was smaller than the divisor, or the number by 
which it should be divided ; we have there already 
<ri}served, that this constituted a proper fraction, 
while every division whatever, expressed in the 
same form, was an improj^r fraction, as it would 
naturally be called, from its »till containing the di« 
visor a whole number of times. 

The number above the horizontal line, (as seen in 
§ S4,) which corresponds to the dividend, is called 
the numerator of the fraction ; and the number be- 



^* The proper fractious are stfll purposely here rept esented as 
unezecutable divisions, because the preceding operations io whole 
numbers, do not furnish any mean? for such a di virion. We shaU 
afterwards show, how these yaloes may be expressed, either ez- 
acUy or approzimatety, by a continued diyiaion^ and an exteaaion 
dS tho decunal system, below the unit. 
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low this line, corresponding to the divisor^ is called 
the denominator of the fraction ; thus considering 
the first as indicating the number of parts taken^ 
Bud the second as indicating the vaiue of the parts, 
or giving the name to theparts. By this means any 
fraction may evidently be represented as, or rather 
these considerations show it to be actually the pro- 
duct of a whole number into unity, divided by an- 
other number ; and this latter paii; must be con- 
sidered as characterizing a particular kind of quan- 
tity, in the same manner as the dififerent places of 
figun^ characterize units, tens, hundreds, and so 
on : we thus evidently have (expi*essing the above 
reasoning according to the forms and signs adopted) 
for an example, 

where 7 in the numerator, counting the parts, and 
18 the denominator, showing these parts to be 
eighteenths of the unit. And the value of these 
parts may evidently be as much varied as the num- 
bers themselves ; therefore l^y have not, like the 
numerical system, one necessary and uniform law 
of connexion. 

$ 38. From these considerations of the principles 
and nature of fraction, the following three funda- 
mental propositions for the arithmetic of fractions^ 
naturally follow : 

Proposition i. Jis many timss as the numerator of 
a fraction is made larger or smaUer^ the denominator 
remaining unchanged^ so many times the value of the 
fraction is made larger or smaUer. 

For, by multiplying the numerator by any num- 
ber, there are as many times more parts taken as 
this number indicates, and in dividing it by any 
number, there are as many times less parts taken, as 
the number indicates ; in the first case, therefore, 
the value of the fraction is as many times larger, and 



in the second, as many Hmes smaller f as the number 
osed in the multiplication or division indicates. 

13 X 7 7 

Example. — s= 13 x according to the 

18 18 

same reaisoning as in the preceding §. 

7:9 7 

And = : 9, according to the same. 

18 18 

Proposition ii. Jis many times as the dMominator 
of a fraction is made larger or smaller 9 the numerator 
remaining unchanged^ so many times the value of the 
fraction is made smaller or larger. 

For, the denominator being the number by which 
the unit is divided, as many times as this number is 
multiplied, so many times the unit is divided into 
more parts ; and therefore, the parts becoming as 
many times smaller, an equal number of them re- 
presents a value as many times smaller ; that is to 
say, the value of the fraction is as many times 
smaller, and inversely, wlien the denominator is di- 
vided by a number, the unit is divided by a number 
as many times smaller than this divisor indicates } 
therefore, the parts become as many times larger* 
and the value of the fraction becomes as many times 
larger ; all under the supposition : that an equal num- 
ber of these parts be taken before and after the 
operation. 

7 7 

Example. ■ is 13 times smaller than be- 

18 X 13 18 

cause the 7 is divided by a number 13 timeslarger than 18 ; 

1 

or we have, 7 X •■ 13 times smaller than 

18 X 13 
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1 7 7 

7 X , and '- = — is 9 times larger than 

18 18 : 9 2 

7 
— — , becaofle the 7 is divided into parts 9 times larger ; 
18 

1 1 

or, we hare, 7 X 9 times smaller than 7 x — ' 

18 2 

Pbopositioit III. JFhen the numerator and deno- 
minator of a fraction are both multiplied or divided by 
the same numberf the value of the fraction remains 
unchanged. 

This is an evident consequence of the combina- 
tion of the two preceding propositions, which show 
the efifect of the multiplication and division upon 
the numerator and thedenominator, to be exactly op- 
posite, and therefore, when performed with the same 
number, they exactly compensate each other ; that 
is to say : as many times as the value of the frac- 
tion becomes larger or smaUerf.hy the multiplication 
or division of the numerator of the fraction, so many 
times it becomes again smaller or larger, by the mul" 
iiplication or division of the denominators. 

7X9 7 7:9 

Example. • = — =■ ■ 

18X9 18 18:9 

where the mutual destruction of the effect, of the 
two operations, is self-evident. 

The two first propositions solve directly all 
multiplication or division of fractions by whole 
numbers, in a double manner ; for we have, evident- 
ly, every time, the choice between two operations, 
each of which may, according to the case, present 
a preference in application. 

The third proposition will evidently furnish us 
the means to reduce fractions from one denomina- 
tor to certain other ones, in order to obtain the 
fractional parts expressed so as to be adapted to ccr- 
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tain purposes in the operations of arithmetic^ with- 
out changing their value. 

$ 39. The investigations of $ 37^ have shown 
fractions to he ec^uivs^ent to the product of a whole 
number into certain quantities expressed in parts 
of the unit ^ when thus representing quantities of 
different values or kinds, they have different denomi- 
nators; their numerators therefore cannot be taken 
into one sum, or difference, without previous appro- 
priate changes. By the third of tfie foregoing pro- 
positions, we have obtained means to make such 
changes,, without altering the value of the fractions. 
The aim of such a change, must evidently be to ob- 
tain the same denomination for both, or all the 
fractions, whose sum or difference is desired. 

We have seen in multiplication, that it is in- 
different which of the two factors is multiplier or 
multiplicand, this shows that equal denominators 
may he obtained for two fractions, by multiplying 
the denominators together ; if therefore, the numera- 
tors of the two fractions arc also multiplied, each al- 
ternately by the denominator of the other, the value 
of the fraction will remain unchanged, according 
to the third proposition above ; and if more frac- 
tions are concerned, considering the first result as 
one, and operating upon it in conjunction with ano- 
ther, exactly in the same way as before, and so on 
to the end, a result is evidently obtained, that ap- 
plies to any number of fractions* This furnishes 
us with the following general rule. 

To redtice fractions to a common denominator; mvl- 
tiply the numerator and denominator of each fraction 
by all the denominators except its own ; then all the 
fractions will have the same denominator, and the 
numerators will be such that the value of the frac- 
tions will not be changed. 
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7 3 

Example. and — reduced to the lame deBominator 

15 14 

7 X 14 3 X 15 

will give, by the above and ; 

14X16 14 X 15 

9B 46 . 

or , and ; 

210 210 

Being given to reduce to the same denominator ; 

12 3 7 



2 3 5 8 
we evidently obtain step, by step, the following 

3 2 X ^ 
from the two first, and ; 

2x3 3X2 


results : 


3 4 
or, — and — ; 
6 6 






3x6 


4X5 


3X6 


irom tnese ana tne tniru : , 

6X5 
Id 


6X6' 
20 


6x5 
18 


or, - ; 
30 
from these and the last, 

16 X 8 20 X 8 18 X 8 


30* 
30 X 7 


30 ' 


; y ' 

30 X 8 30 X 8 30 X 8 


30 X 8 




120 160 144 


210 


* 


or, ; ; ; 







240 240 240 240 

Here quantities of the same kind, are evidently ob- 
tained, say equal parts of the unit, only in diflTer- 
ent quantities ; for, according to what has been seen 
above/ these fractions might be thus written : 

1111 

120 X ; 160 X ; 144 X ; 210X ; 

240 240 240 240 
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$ 40. It is evident from the above, that fractions 
cannot be reduced to any denominator indiscrimi- 
nately, as the neve denominator must be a multiple 
or a quotient, of the former denominator. 

If it should become necessary to take whole niim- 
bers under the same consideration, it will easily 
be judged, from what has been said, that 
they must be considered as having the denomina- 
nator, 1, and such indeed they are, for the unit is 
their measure as to quantity, like any other denomi- 
nator in a fraction. 



34 1 I 

I 



Example. 34 = — = 34 X — ; 

1 1 

For every whole number whatsoever, must be considered 
as multiplied by 1, really to be a quantity : if it was mul- 
tiplied by 0, it would be said aot to beat all, asO, denotes 
the absence of all quantitv ; and if multiplied by any 
other number, the product would be another number. 

$ 41. The continued multiplication of all the de- 
nominators evidently leads into large numbers, both 
for the numerators and the denominators, which it 
is desirable to avoid wherever possible ; this will 
be the case when some of the denominators are pro- 
ducts of the same number with different numbers, 
or have what is called, common factors ; these are 
therefore not necessary to be repeated in the con- 
tinued product of the denominators, which furnishes 
the new denominator, as the above example already 
shows, where 2 ' and 8, are products of 2, the first 
by 1, the second by 4. 

The following problem and its solution, whick 
will best be explained immediately by an example, 
vdll lead to this result. 

PROBiiEM. To find the smallest number whicft 
toiU he divisible by several other given numbers. 

Solution* Write the numbers after each other^ 



46 wiAAB VBAcnoirs. 

as: d ; 4 ; 9 ; 10 ; 21 ; 35 ; 12 

1 , 4 , 3 , 10 , 7 , 36 , 4 3 

1 , 1 , 3 , 10 , 7 , 35 , I 4 

1,1,3,2,7,7,1 6 

1.1,3,2,1,1,1 7 

take any one number* u hicti will 'divide several of 
these numbei*s without remainder, and divide these 
numbers by it, write thc.divisor, here 3, ontheother 
side of a vertical line, the quotient under each of 
the numbers; write also all the other numbers, that 
are not divisible, down in the line, (as shown here in 
the second line of figures,) with the quotients, and the 
other numbers proceed as before ; here we find the 
common divisor 4, and the third line of numbers is 
obtained, this line is reduce<l by the divisor 5, and 
the fourth row of figures is obtained, and the opera- 
tion is continued in the same way, until no comnrnn 
divisor is found; as in the fifth line of the example* 
The continued product, that is here 

3X2x7X5X4x3 = 2620 

will be the smallest number divisible without re- 
mainder by all the given numbers. The units of 
course disappear in the multiplication, as they do 
not augment the product ; they indicate the num- 
ber of reductions obtained by tlie operation, with- 
out which tlie continued product would have be^i 
= 9525600, and tliese two numbers are both equally 
divisible by the numbei's first given, because those 
fiactors that have disappeared, ai*e only such as 
were repeated in the given numbers, by these bein|; 
different multiples of them, therefore? the division of 
the number obtained by tlie numbers first given, will 
always give a whole number, if the operation has 
been accurately executed ; thus are obtained in the 
example the following numbers : 

2620 2520 25^20 2620 

= 840 ; = 630 ; = 280 ; = 262 ; 

3 4 9 10 
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2620 2620 2620 

s= 120 ; = 72 ; » 210 ; 

21 36 12 

$ 4£. If therefore fractions, having the denomi- 
nators above stated, were to be brought under the 
same denominator, the quotients arising from the 
division of the new general denominator by all the 
first denominators successively, will give the num- 
bers by which each fraction is to be multiplied in 
numerat >r and denominator, to reduce it to that com- 
mon denominator. The following fractions would 
therefore be changed, as presented by the follow- 
ing operation : 

1 :^ 2 7 4 8 6 



3 4 9 10 21 35 12 
840 3 X 630 2 X 280 7 X 262 4 X 120 



■■n 



2620 * 2520 ' 2520 * 2620 ' 2620 
8 X 72 6 X 210 



2520 ' 2620 
846 1890 660 1764 480 576 1060 



2620 2520 2620 2520 2520 2520 2520 

Thus the fractions are all brought to present equal 
parts, of a denomination inferior to the continued 
product of the original <lenominators, and capable of 
being added, or subtracted like whole numbers. 

§ 43. To add fractions together By the preceding 
sections the fractions have been brought to a shape 
which admits their being added and subtracted like 
whole numbers, as they have showA how fractions 
can be made to present the same parts, or to be quan- 
tities of the same kind, without changing their value ; 
thus the rule to execute an adUition of fractions, is 
^▼ow easily deduced^ as follows : 
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Bjtduu the fractions to a common denominatorf 
add the resuUiUg new numerators, and give the sum 
the new denominator. 

1 7 8 7X5 43 

Ist Example. Add — | — will result 1 =i — 

58 5x65x8 40 

3 
=: 1 -| — if the division is executed as it can be done. 
40 

2 7 2x93x7 18+21 
2d£a;am/>. Toadd 1 = 1 e= 

3 9 3X93x9 27 
39 12 

27 27 

The namerator and denominator of the fractional part 
both admit of division, by 3, and the sum becomes by it, 
at 1 + f. This application of the 3d proposition of § 38, 
is to be made, whenever admissible, at the end of any 
operation upon fractions ; because fractions are always 
to be presented in their lowest denomination. 

3d Example. Suppose the fractions given to be added, 
upon which the reduction to the same denominator has 
been performed in the preceding §. The following will 
be the results successively, being given 

13 2 7 4 8 6 

- +- + - + «. + -. + ^ + - 

3 4 9 10 21 35 12 

and making the sum of the new denominators obtained 
before, we have the following addition of whole numbers 
to make, 

840 

1890 

660 

1764 

840 

676 

1060 

7520 
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7620 

gi flog the total fractional Sum, which being an 

2620 

2460 
improper friction, gircs 2 + - — — ^ ; the fractional part 

2620 

is rednci^, as follows, by 40, 



2486 

as ■■ • ■■ " ■ 
2520 



6^ . , 62 

— there^)T)s[» &e ultimate «m» w: » 2, + — 

63 . . ; 63 



§ 44. SUBTUACTiON OE' FRAGtiONS. 
This differs from their addition only in the second 
part, as macy e^ily be inferred tcom all tiie ]^i%ced- 
ing reasonii}g; we obtain therefore the rule: jBe- 
duce the fracti4m$^ ta a common denommatoTs sub- 
tract the new numerators from each other 9 and give to 
the remainder the new denominator. 

The proof of this rule is evident ; by bringing the 
fractions to the same denominators the operation 
is reduced to the subtraction of the whole numbers^ 
expressing the numerators, as is done in the addition. 

Example. To subtract as indicated here : 
7 2 3X7 2X9 



9 33X93x9 
21 18 3 1 ^ 

27 27 27 9 

7 1 7X68 
*.d Example, — — — = 



8 6 5X8 6X8 
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35 8 27 



40 40 



40 



Which process is evident by mere inspection, com- 
pared with the rules, and supported by all the preced- 
ing reasoning. 

$45. The total value of a number of firactioiis^ 
of which some are to be added, and others subtract- 
edy may thus be taken in one, and under the small- 
est denominator, with this difference only : that a 
separate sum is to be made of all the new numerators 
to be added, and all those to be subtracted, and the 
sum of these latter to be subtracted from the former^ 
for the new numerator. 

The foltowing example will show the process. 
1 1 3 7 6 4 6 8 

-+ +-+ + 

3 6 5 15 11 27 18 25 

being given ; find the smallest number divisible by all the 
denominators. 



3,6,5,159! 


1 , 27 , 18 , 26 




1,2,6,6 , 1 


1,9,6 ,25 


3 


1,2,1, 1 , 1 


1,9,6,6 


6 


1,1,1, 1 . 1 


1,9,3 ,6 


2 


1,1,1,1,1 


1,3, 1 ,5 


3 



the new denominator is, 

« 11X3X5X3x2x5x3= 14850 

the successive multipliers of the fractions are, 

14850 14850 14850 

= 4950; = 2475; =5 2970; 

3 6 5 

14850 14850 14850 

= 990;. ~-^ = 1350 f =550; 

lb 11 27 
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14850 14850 

= 825; =594; 

IS 25 

Forming now the new numerators, by multiplying the old 
ones by their respectiye numbers, just found, and bring- 
ing those that are to be added into one column, and those 
that are to be subtracted into another column, then taking 
their difference for the resulting numerator, we obtain : 

4- 4950 - 8910 

2476 2200 

6930 4752 

8100 

4125 15862 



+ 26580 
— 15862 



10718 

the fraction resulting is therefore : 

26580 - 15862 10718 



14850 14850 

This fraction may be still further reduced ; the mode of 
doing this at once to the greatest extent, by finding the 
greatest common divisor of the numerator and the de- 
nominator will be shown hereafler ; in the example the 
division by 2 is admissible, and we obtain by it, 



2 
10718^5359 



14850 



7425 



Though we had, in the aboye examples, taken 
the smallest number divisible by all the denomina- 
tors, the ultimate fraction was still reducible ; this 
arises from the individual circumstance of the re- 
sulting numerator being such as to have a multi- 
plier common with the denominator, in the same 
manner as the denominator, first giTen^ had. 
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$ 46. MULTIPLICATION OF FRACTIONS- 

The close connection of the subject of firactions, con- 
isudered as unexecuted divisions^ with division, and 
consequently with its opposite, multiplication, ren- 
ders the operations of multiplication and division of 
fractiOius more simple than their addition and sub* 
traction. 
For their multiplication the rule is simply. 
Multiply the numerators into the numerators, and 
the denominators into the denominators, the resulting 
fraction will be the product of the fractions multiplied. 
The proof of this rule nes in the two first ele- 
mentary propositions upon fractions, stated in $ 38 ; 
for, by multiplying a fraction by the numerator of 
another, this fraction has been made as many times 
larger as the numerator employed indicates; but as 
it was required to multiply it by a number, as many 
times smaller than this number, as the denomina- 
tor of the fraction, whose numerator has been em- 
ployed, indicates, the multiplication of the denomina- 
tor by the denominator of that fraction makes 
the value of the resulting fraction just as many 
times smaller, as is required. 

7 3 
Example. To multiply the fractions — - and — ; into each 

8 10 

7 3 

other ; or, to execute - x — the multiplication of 

8 10 

7 3 X 7 21 

— by 3 gives = — ; multiplying then the de- 

8 8 8 

21 21 21 

nominator of— by 10, or making --= — ; the result 

8 8 X 10 80 

*^ the vatae of the multiplication desired. 
*^ like manner the following result is obtained : 

3 6 3X6 18 9 



8 11 8 X 11 88 44 



this last by reducing the fraction, by the divisioD of the 
numerator and denominator by 2. 

$ 47. DIVISION OF FRACTIONS. Accopd- 
ing to the principles and propositions presented in 
the beginning, diivision may evidently be perform* 
ed by dividing the numerator of the dividend by 
the numerator of the divisor, and the denominator 
of the dividend by the denominator of the divisor. 
But as this operation would often give fractional 
results for the new numerator and denominator, it 
is not employed ; and the principle : that division is 
the inverse of multiplication, is here made use of^ in 
concordance with the two first propositions repect- 
ing fractions, of $ 38, from which is deduced the 
following rule : 

Multiply the numerator of the divi4end hy the de* 
^nominator of the divisor, and the denominator of the 
dividend by the numerator of the divisor; the first 
gives the numerator, the second the denominator of 
the result. 

To prove this, we need only invert the reasoning 
used in Multiplication ; by multiplying the denomi- 
nator of the dividend by the numerator of the di- 
visor, the fraction has been made as many times too 
small, as the denominator of the divisor indicates ; 
and by the multiplication of the numerator of the 
dividend by the denominator of the divisor, the value 
of the fraction is again made as many times larger; 
80 that the ultimate result presents the real value of 
the quotient. 

4 3 4 3 
Example. To divide by - ; or to execute - : -^ ; 

5 8 5 8 

,4 
we obtain, by the inverted multiplication, at first - / ■ > '- " ■ 

5X3 
4 

three times larger than -, and eight times too small } 

5 

5* 
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mttUiplylog therefore. this r^qlt by Sy we obtain, 

4 X 8 32 2 

r= — r= 2 + -^ by division; that is to say, 



5X3 16 15 



3 / ^\ 

the fraction - is contained f 2 rl 1 times in the frac- 

8 V 16/ 

4 
tion -. 
6 

It is evident, that the result of stich a division jnay 
give a whole number, as well as the division of whole 
numbers, for a fraction can be contained a whole num- 
ber of times in another as well as a whole number. As 
for example : 

3 1 3x8 24 

4 8 4 4 

We may also proceed by the principle of the third 
proposition alone ; namely, the reduction of a fraction, 
without changing its value. For that we roust write th« 
intended division fully out in the form of a fraction ia 
numerator and in denominator , so the example above 
would stand, 

4 

4 3 6 
6 8 3 

8 

It is evident, that when we multiply here, both in nu- 
merator and denominator, by the divisors or denomina- 
tors of the individual fractions, in numerator and denomi- 
nator, we shall compensate these divisors or denomina- 
tors^ and have the numerators affected, alternately, the 
one by the multiplication of the denominator . of the 
other, thus : 
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8X4 



6X8 8x4 32 



3X6 3x5 16 



6x8 



As in bringing the fractions to the same denominator, 
they of course compensate in numerator and denomina- 
tor, as shown in the,3d Proposition. 

§ 48, It is proper here to add some remarks upon 
the matnner of proceeding in certain cases, to faci- 
litate the calculation of fractions, as much useless 
and tedious calculation may be avoided by some at- 
tention to the relation of the numbers given, and the 
reductions which they may thereby present j this 
operation, by easing the calculation, will also make 
it less liable to mistakes. 

First. If any given fraction is not reduced to its 
simplest expression, it is proper to reduce it pre- 
vious to performing the operations required; as for 
example : 

3 .4 6 

It being given tamake — + — + — > the fractions 

12 20 18 

are immediately to be reduced by the equal division^ of 
numerators and denominators, that are evidently possible^ 
to the following : 

111 

- + - + •- 
4 6 3 

which are then to be added according to the principles 
above given. 

Second. In the multiplication or division of frac: 
tions it may occasionally occur, that such multi- 
plications or divisions as would compensate each 
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other in the ultimate result^ may be avoided hj 
some attention, and that advantage may be taken of 
the numbers that may at once emct a reduction by 
a division of the one term, instead of a multiplica* 
of the other ; as for instance : 

3 4 

~ X — : the denominators of each being respectively 

8 9 

multiples of the numerators of the other, the multiplica- 
tion is useless, and the division may be made alternately, 
the 4 being contained twice in 8, and the 3 thrice in the 

9 ; so that it can be written in^mediately, , 

1 1 1 

3 2 6 

3 6 
or in division forexample ; given - : — which inverted 

5 26 

3 25 
into a multiplication -X— evidently presents, for the 

6 6 

1 6 

same reason as before, - X6 = - = 24' i 

2 2 

Third. Though we shall hereafter show how a 
fraction may at one division be reduced to its small- 
est expression, by finding the greatest common mea- 
sure, it is often quicker to make this reduction by 
partial steps, which may present themselves to the 
eye at once ; as for instance : all even numbers are 
divisible by 2, all lO's and 5's, by 5 ; the possibility 
of a division by 3, is often easily discovered^ when 
numerator and denominator end in a O5 it is evident 
that they are at once to be omitted^ by which a 
division by 10 is effected 5 and so on. 
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So for example may be doae with the following fraction, 
where the successiye divisors are marked above the par- 
tition line between the successively reduced fractions. 

10 2 7 3 



1260 
2940 


126 
294 


63 9 
147 21 



or 



2 



1296 



3888 



432 



i"296 



216 
648 



?4 

72 



7 
4 6 

6^ 
18 



1 
3 



§ 49. REDUCTION OF FRACTIONS. It 
is evident, that the reduction of fraction is to be done 
according to the principles of the third proposition 
of $ 38 ^ and it is also evident, as just stated : that 
the greatest divisor will also effect the greatest re- 
daction. 

In order that this reduction snail be accurate, it 
is necessary that the divii^or shall divide both the 
numerator and the denominator without a remain- 
der ; such a divisor is cs^lled : thfC eommon meastire of 
the two numbers. 

This requires the solution Of the following 

Fbobxem. Tojind the greatest common measure 
of two given numbers. 

In order to present the principles of this opera- 
tion in the clearest light, it is )best to represent the 
two quantities as two linear dimensions; this 
may evidently be done, as any quantity m^y be re- 
presented by a line containing as many units of 
measure, as itself contains units of abstract quantity. 

Let therefore the two lines 45, and CD^ repre- 
sent the two numbers. 
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a b c f 

.9) • — I 1 |-r-|^=S7 

d g 

C\-j-\—\-\D^5 

It is clear that there can be no greater number 
that will divide the two numbers, (or no greater line 
dividing the two lines) witliout a remainder, than 
the smaller number (or line) itself; dividing 
therefore the greater number by the smaller, (br 
taking the smaller line from the greater, as often as 
possible) as in the above CD = Ja =^ ab =^bef or 
three times, the cB remains, smaller than CD^ pre- 
sents therefore the remainder not divisible by CD, 
and smaller than it. 

But the number which can divide both JiB and 
CDf without remainder, must also divide tiiis re- 
mainder cB ; it must at the same time also divide 
CDt as in that case it would divide its equal Jia, 
ab, and he; between these two cB and CD ; the 
same reasoning, used above, applies again ; namely : 
that they can have no greater common measure 
than tiie smaller cB, itself; therefore, divide CJD, 
by cB; let us suppose, that as in the figure it is 
contained twice in it, or cB =^ Cd=^ dg, and leaves 
again the remainder gD, smaller than cB; between 
this remainder and the foitner divisor, or the gD, 
and the cB, the same reasoning takes place as be- 
fore, their greatest common measure could only be 
the gD, itself; dividing therefore the cB, by the 
gDf and suppose it is contained exactly twke in it, 
or gD = cf=:fB, and leaves no remainder ; then 
this gD, that is the last divisor, will be the great- 
est common measure ]>ossible, of the two numbers 
i*epresented by JiB, and CD; (it may be observed, 
that this operation is to be continued, as long as a 
remainder is obtained by these successive divisions.) 
Because the jr-2>/ measures the cJ3> without remain- 



der^ and tiiis cB measures the Cg, the ^2> mea- 
sures also the CD; the Ac heing a multiple of CD, 
is therefore also measured by gD, and the other part 
of dBf namely cB, being also measured by it^ 
the whole dB is measured by gD, which measures 
also CD; therefore^ it is their comnum meosttre, and 
as we have always proceeded by the greatest num- 
her J which possibly could divide the two numbers 
successively given, it is also the greatest common 
measurCf as was required. 

If no divisor is founds except the unit, the two 
numbers have no greater common measure ^ that is, 
they are prime to each other* 

To apply this to numbers, let the fraction given be the 
following : 

45 

— ; dividing the denominator by the nufnerator, the last 

163 

being always the smaller number in a proper fraction, 

(of which alone there can here be question, because an 

improper fraction must first be reduced, by dividing by 

its denominator) we make the result of 

153 18 

— =: 3 + — that is : we obtain the first quotient 3, and the 

45 45 

18 
remainder — ; this fraction inverted for the similar di- 
45 

45 9 

vision, and the division executed gives — » 2 + — > or 

18 18 

9 
the quotient 2, and the remainder — ; which treated ad 

18 
18 . 
above, gives — = 2, as last quotient ; and proves the 

9 

last divisor 9, to be the greatest common measure^ for 
evidently, the 9 in 18 twicej in 45 five times j in 153, 
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seventeen times ; or we obtain fof the operation of the 
greatest reduction of the fraction, 
45: 9 5 

— = — ; which can be no farther divided, or re- 

163 : 9 17 
duced. 

In the habitual mode of writing, this example would 
stand thus : 

45)163(3 

18)46(2 
9)18(2 

§ 50. If by the foregoing process^ no number is 
found dividing anj one of the rem^derd, succes- 
sively resulting, without a remainder, except the 
unit, the numbers are said to have no common mea^ 
sure; or they are what is called prime numbers to 
each other^ and the fraction is not exactly reducible 
into smaller numbers. 

It is however evident, by the foregoing process : 
that the successive division has always approached 
nearer and nearer to the real value; that the re- 
mainders have become successively smaller, and we 
might say, in respect to a given case, always less 
important. 

If the above operation had been interrupted at 
any one of the steps, it is clear, that the part neg- 
lected, would have been sl fraction of the last subdi- 
visuyiif made by the division of the last quotient by 
the last remainder ; therefore, so much the smaller, 
the farther this division has been carried. Con- 
sidering this fraction as only an unit, having the 
last quotient for a divisor, and the preceding quo- 
tient as the whole number of these quantities, to 
which this fraction belonged, we shall have these 
reduced to the improper fraction of that denomina- 
Hon, by multiplying this number with the denomi- 
'tor, and adding the numerator^ tiliat is the unit; 
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and the same process continued to the beginnings 
through all the quotients obtained, adding always 
the numerators' last obtained, will ultimately give 
the numerator and the denominator of a fraction, 
approaching to the fraction which is intended to be 
approximated, as near as the divisions executed will 
admit; that is with the neglect of only that fraction 
of the last subdivision which has been neglected, as 
above stated ; for if the division had been carried 
fully to the end, we would evidently have obtained 
the full value of the fi*action, as shown above. And, 
as it appears by the order in which the division has 
been made, namely, the inversion of the numerator 
into a divisor, and the denominator into a dividend, 
the last number resulting from this continued mul- 
tiplication will be the denominator of tlie approxi- 
mate fraction, and that immediately preceding will 
be the numerator. This operation may be expressed 
by the following rule : 

Divide the denomimatiyr by the numerator , and tht 
last divisar bv the remainder ; always marking tJie 
quotient, as far as the approccimation is intended to 
he carried ; (as in finding llie greatest common mea- 
sure ;) then from the place where the operation is in- 
terrupted, make the 'continued product of all the quO" 
tients, adding unity to thefrstproduct, and afterwards 
always the last previous result, until the first quo^ 
tient is arrived at* The last number resulting will 
he the denominator Of the approximate fraction, and 
ilie one immediately preceding it, the numerator • 

Example. Let the fraction ^^%V$^ ^^ approximated : 
the successive division will give, 

98215\367459(3 

' 72814)98215(1 

25401)72814(2 

22012)25401(1 

3389)^12(6 

1678)3399(2 

33)1678(50 

The successlre approximations will be : , 



I 

J 



t 

I 

» 
i 

'I 
1 

I 



I 

i 
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Ill {ijffr0ximaddn. =s 3 : 1, or the fraction | 

^ succestive qaotients, 3, 1 , 2 3 

2d ,t I contkiaed productSy 1 1, 3, 2, 1 or -^ 

( 11 

{saccessire quotients, 3^ 1, 2, 1 4 

continued pFoducts, 15, 4, 3, 1,1, or -^ 
15 

3, 1, 2,1,6 27 

4tli '* < 101,27,20,7,6,1, or 



I 



101 



3, 1, 2, 1, 6^2 5Z 

5th " < 217, 58, 43, U^ 13, 2, 1 or 






217 



and 80 on for any subsequent approximation*. 

If the above division had been carried on to the last 
divisor, or unity, as the numbers are prime to each 
otiber, the original fraction would have been obtained 
again, thus : 

3 I 1| 2 I 1 I 6 |2t50\l|5|l|l|2| 
3674S9|98215)73814|25401(2S012i3389ll678l33 1 28 [ 5 1 3 | 2 1 1 

the upper line being the successive quotients, and die 
lower the continued products, with the addition of the 
preceding numbef, (or last numerator.) 

Suppose the following fraction, (to give <me n^ore ex 
ample,) which represents the numbers expressing the 
diameter and the circumference of a circle, 

100000000" 



314159265 
The division gives as follows : 

100000000'\314159265(3 



14159265)100000000(7 I 

885145)14159365(15 
5307815 
882090)885145(1 
3055)882090(288 
27109 
26690 
2250)3055(1 

805)2250(2 

640)805(1 

165 kc. ^ 



o: 



,1.^ 



,r 



1 > 



Ut approximation. 3,1 or - 



2d 



99 



3d 



4th Approximation. 




333 



^5 < 3 , 7 ,16,1 ^^^ 



I 



365,113,16,1,1 or ^^^ 

6th .approximation. 

3 , 7 , 16 , 1 ,288 



1 



32650 



102573 , 32660 , 4623 , 289 , 288 , 1 or |02673 



CHAPTER V. 

Of BecinuU Fractions* 

$ 51. In explaining the decimal system of our 
usual arithmetic, we have seen : that every figure 
designates a quantity ten times greater^ when it 
stands one place farther to the left hand from the 
unit, than when in the place preceding it,, and 
therefore conversely, the figure in the next place 
to the right hand is ten times smaller than the 
same figure in the next place to the left of it. 

If we continue this reasoning helow the unit of 
whole numbers, and after having marked liiat place 
by a (,) and jgive denominations to the parts of unit^ 
according to the same system, we shall get succes- 
sively for the resulting places, the denominations of 
tenth parts, (or j\), hundredth parts, (or ,^^), thou- 
sandth parts, (or ttV ?)» ^^d so on, to any part or 
subdivision, however minute, of the decimal sys- 
tem j as for instance^ 3,45672 would be 3 units^ 
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4 tenths, (oryV)* 5 hundredths, (tIt)» 6 thou- 
andths, (t^Vt)^ T' ten thoasandthB^ 2 hundred 
thousandtli^, or the whole would be, 

4 6 6 7 2 

10 100 1000 10,000 100,000 
where it is evident that the writing of the denomi- 
nators can be spared, because the successive di- 
minution of value of the places is known by the 
system ; therefore the usual, and easiest, way of 
reading these fractions is, after having mentioned 
the whole numbers, to mention the (,) and read the 
subsequent numbers simply as they occur, leaving 
the denominations out, as understood from the prin- 
ciples of the system. We have hence an easy mode 
of expressing any fraction in the same system as 
the whole numbers, either in full or by approxima* 
tions to any desirable extent. 

§ 5£, We have already seen that proper vulgar 
fractions result from , a remainder of a division 
smaller than the divisor, las a mere expression of 
the unexecuted or unexecutable division ; by de- 
cimal fractions we are, on the contrary, enabled to 
express these quantities, by continuing the division^ 
according to the same law that is used in the sys- 
tem of numbers ; and all the difference between op- 
erations with these quantities, and those with whole 
.numbers, will evidently consist in pointing out 
the place where the whole numbers end, and 
these fractions begin ; all the rules which will be 
found hereafter, for the mechanical execution of 
the four rules of arithmetic in decimal fractions, 
will therefore merely relate to the determination of 
the place of the decimal mark. 

To continue the division that is required to ob-> 
tain the decimal fraction, after the number in the 
dividend has become smaller than the divisor, it 
becomes nec^saiy, to reduce the remainder to the 
same kind of unit which will follow in the quotient^ 



and m this will be ten tunes smaller^ flie ^Tiien4 
wMl reiMresent in it a ten times lai^er number } to 
4o tiiis i^e bave only to multiply it by ten^ which 
is done by the simple addition of a (0) on its right 
hand side^ which will enable us to continue the di« 
sion ; as this takes place at eyery step, it is only 
required to repeat it also at every step^ as in the 
following example : 
Let the division be continued, 
34721 

= 46,6058964, &c. 

763 
4201 
3860 
4500 
6850 
7360 
4930 
3620 
468, &c. 
Here^ after having obtained. 46 as a whole number, 
instead of expressing the fraction ^| as a vulgar fraction, 
an has been added to the remainder 386, which pre- 
sents 3860, and is again divisible by the divisor 763 ; at 
this place therefore, or after 45 in the qaotient, the dis^ 
tinctive mark or (,) was placed, and the division con- 
tinued, as in common numbers, with the constant addi- 
tion of a 0, to every remainder, to make the continued 
di vision possible ; at the remainder 46, the addition of 
one 0, making a dividend still smallerftban the divisor, the 
quotient was 0, as in any other division, and the addition 
of a second 0, making 4600 in the dividend, gave the 
quotient 6, proceeding in all such cases as has been shown 
in common division ; the division, which here stops at 
the seventh place of decimals, might perhaps continue iff 
this case without ever closing* 

$ 53. By the same principle we can express any 
vulgar fraction in fractions, either terminated^ or 
continued as far as desired, or solve the 
Pbobxbm. To reduce vulgar fractions into deoi- 

6* 
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eimalfriuiums. Fut an 0, in the plaee of \the unit 
in the quotient, with a {,) after it, and an 0, at the 
right hand side of the numerator, divide as in com- 
mon division, adding to every remainder an 0, and 
continuing this division as far as desired, or until re^ 
curring numbers occur, 

3,0 
Example. — =0,42867142 

7 

20 
60 
40 
60 
10 
30 
20 
6 

Placing the io the qaotient, and in the numerator^ 
the division is continued as in common numbers, with 
the constant addition of a (0) to the remainder, until we 
again meet the same quotient, 42, and remainders 2 and 
6, which had been obtained at first, which are called re- 
curring numbers, .and indicates that the same series of 
numbers would repeat themselves ; which may therefore 
be done, as far as required* without calculation. Such se- 
ries of recurring numbers are called circulating decimals. 

1 
As an other example : reduce - = 0,3333 

3 

10 
10 
Here evidently we constantly obtain from the very begin- 
ning, the same quotients and remainders ; the calculation 
need therefore, not be continued. Of this kind are a 
number of other fractions, called repeating decimals. 

In the following example, we obtain a complete expres- 
sion in decimals, 
10 

— =: 0,125 ; which terminates the division of itself. 
8 

20 

40 



$ 54. ADDITION OF DECIMAL PRAC* 

TIONS.*— Ptoce the rmmber^ wnder each other, in 
such a manner that the vmts may stand under the 
units f and aU the numbers, at eqwal distan4XS9 to the 
right, or to the left of the units, may fall under eadi 
oilier ; then, add them as in common numbers, begin-- 
mng at the right hand figure, and place the decimal 
mark in the result, under the decimal murk of the 
given numbers. 

This rule is evident, from the ahove considera- 
tions ; for the numbers being all of the same sjstem^ 
the carrying of the individual suip will be the same 
as in whole numbers, and each kind of number will 
thereby stand in its proper place ; therefore, also, 
the decimal mark will not change its position. If 
any one of the given numbers should have no whole 
numbers, in order to avoid all ambiguity, the pla,ce 
of the unit must be filled with a 0. 

Example. To make the sum, or execute : 

3,4612 + 2,134891 

3,4612 
21,34891 



24,81011 

Write them as stated above ; add as in common numbers ; 
place the decimal in the sum under the decimal of the 
parts. 

ExampU of several numbers ; 13,76094 

0,3809673 
142,012 
0,39062 



156,5444273 



§ 55. SUBTRACTION OF DECIMALS.— 

Place the numbers under eadi other, as in Addition, 
(placing the smaller below,) and subtract as in com- 
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fttan mUrnetiofh b^mning at (he right hand figure^ 
amdplaee the dedmainuirkinthedijflaren^ 
decimal mark of tfte two given mmhers. 

This rule is evident from fhe simple considera* 
tion : that the subtractioH being the same as that 
of whole numb^TSy equal kinds subtract from equals^ 
the borrowing goes according to the same princi- 
pies, and the place of the decimal mark does not 
undergo any change. 

Example. 3,490864 — 2,74962, write thus : 

3,490864 
2,74962 

0,741244 



3,490864 

There being no number to subtract from the first 4, it 
is unchaDged in the remainder, and the other numbers 
follow, as in common subtraction. 

The proof of tiiis subtraction is evidently per- 
formed in the same way as in whole numbers, by 
adding the remainder and the subtracted number^ 
which should give for their sum the number from 
which the subtraction has been made, as in the ex-^ 
ample. 

If the number to be subtracted has more deci- 
mals than the number firom which it is to be sub* 
tracted, it is evident : that the vacant places must be 
considered as having each an 0, by which flie sab- 
traction of the lower number is made by constant 
borrowing towards the left, until we reach to the 
first significant decimal. 

0,9832 
0,4986736 

9,4845265 

0,9832000 



r* 
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Here for the subtraction of the first 5, the supposed 
lending from before has given 10, and the remainder be- 
came d ; then the next lending being again from before, 
but one borrowed from the 10, leaving only 9, the 3 is 
subtracted from 9, remainder 6 ; in like manner in the 
next we obtained 9 — 7 = 2; and then the first number 
above, namely the 2, appeared as diminished by 1, and 
the next subtraction is made from 11, by borrowing again 
as in whole numbers : the rest is evident 

§ 56. MULTIPLICATION OF DECIMAL 
FRACTIONS. From the principles of Decimal 
Fractions it is evident : that their multiplication can^ 
in itself, have no other rule than that of whole num- 
bers. In respect to the value of the resulting deci- 
mals it is easy to observe, that as they are fractions 
with the denominator 10, each of its preceding 
number, they keep this quality in the result, and 
therefore present always in their product the pro- 
duct of these quotients, which, though not eitpress- 
ed as a denominator, is indicated by the place as- 
signed to the decimal mark. This principle evi- 
dently causes the decimal mark to recede one place 
for every time that it is multiplied by a decimal, 
and in tW multiplication of decimals, distant from 
each other, as many places as both decimals to- 
gether indicate ; because, the product of any tens, 
hundreds, thousands, &c., into any other tens, hun- 
dreds, thousands, &c., will be the unit followed by 
as many O's as are contained in the supposed denomi- 
nators of the two fractions together. 

This proves therefore, the following rule for 
multiplying decimal fractions. 

Multiply the factors together, as in whole numbers, 
and cut off as many places of decimalsy from the 
right hand side towards the left, as there are decimals 
in both the factors, and place there the decimal mm'k. 

To execute this multiplication, it is best to begin 
by the unit, and multiply by the other numbers 
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to the left, and then to the right, advancing the re- 
sult in the first €ase to the left, and receding with 
the results of the decimals towards the right side, 
in the second case, in that order in which the mul- 
tiplication with whole numhers in the same ranks 
would indicate ; the first result, that is the result of 
the unit, will hy this process, at once determine the 
place of the decimal. 

Example. Multiply 3,476 X 5,82 ; thus : 

3,476 
6,82 

17,380 
2, 7808 
7962 

20, 24032 

Here the multiplication by 5, as units, has given to every 
number id the multiplication the same place as it occu- 
pied before ; the following numbers having receded to- 
wards the right, according to the rank they naturally 
have already, occupied their proper place, and we 
have obtained in the result 6 places of decimals, exactly 
as many as both factors have together, and as the rule 
above prescribes ; (for which therefore it might form a 
a practical deduction or proof.) 

Let the following examples be executed, to illustrate 
further the practical application and its consequences. 



36, 462 
0, 4937 


172,7892 
66,32 


0, 6378 
0,0624 


14, 6808 
3, 28068 
109a66 
256164 


1036,7352 
8639, 460 
61,83674 
3, 466784 

9731, 488624 


0, 032668 
10766 
21512 


0, 03356872 


17,9963624 





The first example above giyes a result that mdces the 
prodact recede one place in the decimals, because the 
first multiplier is a decimal, this determining the decimal 
place, Ydl the others follow bj themselves, the results re- 
ceding always one place, and ultimately giving as many 
places of decimals as there are in both the Victors taken 
together. When in the second example the multif^Kca- 
tion by 6, as unit, was performed, each number resulting 
kept the place it occupied in the multiplicand, the deci- 
mal place being determined by this ; the next multiplica- 
tion with 5, or properly 60, gives the advance towards 
the left, according to common multiplication of whole 
numbers, the two decimab being made to recede one 
place farther to the right, each tends to keep the final re- 
sult in its proper order, the number of decimals are thus 
determined by the mere addition, and are conformable 
to the above rule. 

6 5 

In the third example : the into the — ; gives, evi- 

lOO- 10 

30 

dently, : which assigns to this result the place 

1000 

seen in the example; the others follow by themselves ; but 
if we had not attended to this, the rule above would give 
the coincidence with the result obtained, as may be easily 
seen. 

$ 5r. It is most generally needless to calculate to 
the/ull extent of adl' the decimals of both factors^ 
the one or the other factor commonly indicates the 
number of decimals to which it is intended to carry 
the accuracy^ and we may dispense with the smal- 
ler decimals^ so much the rather, as they will at 
all events not be absolutely accurate, if the decimal 
fractions are not themselves exact, in consequence 
of the absence of the smaller decimals, that would 
influence the places taken beyond the lowest that is 
^ven in one or the other factor, for this reason it 
is desirable to haxct an easy, and exact way of ex- 
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ecuting this abridged multipUcation, which is as 
follows : 
MuLtiply by the greatest number of the mvltipUerJirst, 
and determine the place of the decimal ; (as in the pre- 
ceding rule ;) then mark this number, and also the 
lowest decimal of the multiplicand ; then take the next 
Unver number of the multiplier, and multiply all the 
multiplicand 6y it, taking from the product of the de- 
cimal marked off, mly the part which is to be carried 
firrward to the neoct place, using the ten nearest to 
the result, write the product under tlie foregoing, so 
that the first figure to the right comes under the first 
figure oj the fo^ thus continue as long 

as there arejlgures in the multiplier, always marking 
cff one figure in ihe multiplicand for each factor of 
me multiplier, and makir^ the addition of the carry- 
ing as bef(yre; the decimal mark will take its place ac- 
cording to the determination of the first number used 
as a muMiplier. 

Example. The first of those giyen above, executed 
according to this rule, will show that in this manner re- 
gularity IS insured, and the deviation from the full result 
obtained above will not extend farther than the last place 
of figures, or rather only the next after it, as it does not 
differ a whole unit of that place. 

36,462, ^ ^ 

0,4937 :) 



14,6808 

3,2807 

1094 

265 



17,9964 

4 
The first line is the product of — into the multiplicandi 

10 
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In the 8econ<) line w|^ had to carry for the product of 
9x5= 18, which Deing nearer to 20 than to 10, the tens 
to be carried were two. So that when'we afterwards made 
9 X 5 = 45, we added 2^ making 47, ^he 7 being placed, 
the 4 cari'ied, and the operation continued as in common 
numbers ; the rest, of the operation is exactly th^ same 
with respect to the remainmg members of the multipli- 
cand ; for in the third line we had 3 X 4 == 12, and the 
3 X 62 from before, giving 2 to carry, rather than 
only 1, we added 2, that is, we made 12 + 2 = 14, then 
continued 3 x 6=18, and 1 carried, = 19, and so on: 
the addition is as before. More examples will occur in 
the practical part. 

§ 58. DIVISION OF DECIMAL FRAC- 
TIONS. From the manner the origin of Decimal 
Fractions has been deduced, it has already been seen : 
that the decimals began whenever the divisor was 
larger than the dividend, or which is the same thing, 
when an became necessary to be added ; in other 
words, when it became necessary to recede towards 
ihe right farther than the quantities of the dividend 
furnished numbers of the value of the divisor^ as 
many such st^ps, therefore, as it may become ne- 
cessary to make until a figure, actually significant, 
can be obtained in the quotient, as ItksLnj 0*s will 
precede it, the of the unity place being counted as 
the first; or the place of the first^significant deci- 
mal will he that indicated by the number of steps 
it was necessary to recede. 

It will be mo3t e^y in this place, and will furnish 
US with the clearest method of acQOunting for the 
necessary steps, to proceed from the relation of the 
unit in the dividend and the divisor, as a leading 
principle for the determination of the decimal mark ; 
and in cases where no whole number is obtained in 
the quotient, it will be entirely referable to common 
division continued to decimals, as employed by us 

7 
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in elucidating the principle of decimal fractions. The 
rule resulting will therdbre be this : 

Begin the divisum as in whole numbers^ anifkice 
the first decimal resulting f as many places to the right 
of the decimul murk, as it has been necessary to re- 
cede from the first figure in the divisor 9 to obtain in 
the dividend a number sufficiently large to be divided 
by the divisor. 

Example. Divide 3,46921 

= 0, 80176687 + &c. 

4,327 
7610 
32830 
26410 
■ 37760 
31340 
1069 + kc. 

Here, it is evident, ^at 4 not being contained in 3, 
whatever may be the following decimals^ the divisor can- 
not be contained in the dividend, and there is no whole 
number in the quotient, therefore a is written in the 
place of tl^e unit ; the next receding in the dividend 
giving a significant 6gure ; this falls in the first place of 
decimals. And now the division being performed, as in 
whole numbers, and the added always when there were 
no numbers more to be taken down from the dividend, 
the division can be carried as far as may be desired, lor 
the decimals determine themselves without any further 
care. Bat it is evident here again : that the division to a 
greater extent than is warraoted by the numbers given, 
will not give the full accuracy, when the decimals are not 
determined ones, and only approximations ; for the O's 
set down should evidently always be the figures which 
would have followed in the dividend ; and the products 
to be subtracted, should be affected by the lower deci- 
mals which are missing in the divisor. 

The two Examples that follow, will show more of this 
application. 
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4,2769 0»00042769 

= 0^007537+Sic. = 0,007537+ 



567,432 0,0567432 [&c. 

3 04B760 3048760 

2116000 2116000 

4137040 ' 4137040 

165016 165016 

These examples, showing hoth cases of whole nom- 
bers and decimals, with a denominator exceeding the 
numerator, are hoth equal applications of the rule 
found above ; and their result is the same> as the one is 
evidently the product of the other, by a multiple of 10 ; 
in both cases it wa^ necessary to recede. three steps, to 
obtain a significant number in the quotient; therefore, 
the first number in the quotient is in the third place of 
decimals ; or, we might say, it was three times impossi- 
ble to divide ; therefore we have three O^s, the of the 
unit place being counted, as of course, because the first 
time the division was not possible, was that of whole units. 

In the same way as we have ibund in vulgar fractions : 
that one fraction mav be contained in another fraction a 
urhole number of time;*, as well as one whole number in 
another ; so, of course, this aUo takes place in decimal 
fractions, as in the two fnllo^vinis examples, which again 
present the same quotient, as the two last. 

452,9673« . 0,045296730 





- OfcU. *», ilOW < i 


15,3129 


0, 001531 4!9 


146 7093 


1467093 


8 89328 


889328 


1 236830 


1236B30 


1179«0 


1179H0 


1078930 


1078930 


70270 + &c. 


70270 + &c. 



These examples first adniitted of division by whole 
numbers, because 15 is evidently contained in 452 a 
whole number of times, which we found to be 29 : then 
the decimals began ; these two whole numbers are evi- 
dently easily determined, as the divisor has only two pla- 
ces of figures, and the dividend 3 in the corresponding 
places of both examples ; and th^e are already twice 
divisible, before recourse is bad to the decimals from the 



76 DEirOMlkATE VBACTIOKS. 

dividend, for the subtraction of the prodocts of the wBole 
numbers of the divisor into the quotient. 

Remark. If it is required to perform any one of the 
four rules of arithmetic, between decimal and vulgar frac- 
tions, the decimal fractions are to be considered as whole 
numbers, paying, of course, due attention to the place of 
the decimal mark ; this will therefore need no special 
explanation. But it will, in many cases, be most conve- 
nient to reduc^ the vulgar fraciioii into a decimal frac- 
tion, and then proceed upon the principlfes of decimal 
fractions. . This being therefore a subject depending on 
the judgment of the palcutator') the principles of which 
have been explained s^iffidiently, it will not need here to 
be treated separately. 



CHAPTER V. 

Of Denominate Fractions. 

^ 59. I take the liberty of callitig all those subdi- 
visions of an accepted unit that have received par- 
ticular names, and which pi^)perly form fractions 
of this unit, with a certain conventional denomina- 
tor, that is therefore always understood^ Deno- 
minate Fractions ; such are all the subdivisions of 
measures of any kind; of length, surface, or solid- 
ity, weights, money, time, &c. 

In oi-der to make use of these fractions in arith- 
metic, it is necessary to know their conventional 
denominators, or to be able to say how many units 
of each subdivision make a whole, or a unit of a 
higher subdivision; as for instance, the general di- 
vision of iK>und (money) into shillings, p^npe, antl 
farthings j where the general habit is that 1 shil- 
ling = yV of a pound ; I denser or penny = /^ of a 
shUliBg; 1 farthing = * of a penny. Or, in thc 
otner manner of expressing it, 

^1 » 2055 1« = ISrfj Id =s Af. 
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Of these subdivisions, old habits, unconnected in 
their origin, and therefore devoid of system, have 
introduced such a variety, that it is necessary to 
have tables in order to recall them to memory^ 
such tabled will be placed at the end of this book, 
to which I shall add the approximate or full decimal 
expression of the unit of each subdivision in the 
other, and in the whole, as it is evidently possible 
to express them all in decimal fractions, either ex- 
actly or approximately. Certain signs have been 
given to all these subdivisions, to abridge their 
notation ^ these will be learnt from the tables. 

In thus stepping aside from the simple theory of 
a system to a mei*e practical habit* we shall soon 
feel what an advantage it would be in all transac- 
tions where quantity is concerned, to have a regu- 
lar and unique system for them all ; but the attempt, 
so often made, has always been frustrated, by the 
unwillingness i)f men engaged only in their private 
conceruF^ to all mental motion or exercise, not di- 
rectly advancing their private aims. Similar sys- 
tems had been in use in common arithmetic, before 
the adoption of the decimal system of numeration, 
the advantages of which soon expelled them from 
theoretic arithmetic. 

It is evident that the difficulties to be vanquished 
in this part of arithmetic, consist only in the atten- 
tion that is required to be paid to the eflfect of the 
irregular system of subdivision, which determines 
the principles of what may be called carrying from 
one denomination to the other; the rules discovered 
hereafter, therefore, chiefly refer to this operation ; 
they will not need any proof, as they have only the 
arbitrary subdivisions for their principle, and for 
their aim; to facilitate the several processes. Tiiey 
will therefore be given simply, with a few exam- 
ples for illustration, their proof, as far as arithme- 
tic principles are concerned, lying always in the 

7 # 
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principles of calculation aTreadj^ explained; and 
their combination will be r^sei^Ved for the practical 
part of this treatise. 

§ CO. ADDITi6n Oi^ DENOMINATE FRAC- 
TIONS. Rule, ff^rite the numbers of each deno- 
minqfian under each others distinguishviig them by 
points ; add them as whole numbers, beginning at the 
most right liand figures, and carry from one deno- 
mination to the other, according to the value of the 
subdivision, in parts of the next superior quantity, 
that is, by dividing ike sum obtained by the deno- 
minator of the fraction, indicated by the subdivision, 

£xamp/c— in feet, inches, ami tenths of inches. 
12 in. =3 1 f. affordd the principle of carrying from inches 
into feet ; the mode of carrying the tenths of inches 
being as explained in decimal arichmelic. 

To add 12 f. 7,6 in. + 3 f. 4,9 in. + 2 f. 11,2 in. 

f. in. 
12. 7,6 

3. 4,9 

2. 11,2 

18. 11,7 

Here the sum of inches being 23, 12 are taken away 
to carry as one unjt to the feet ; there remain 1 1 ,7 inches; 
the rest is exactly fike the addition of whole numbers. 

fixample in weight, of pounds Troy ; the subdivisions 
of which are, 

1 lb. = 12 oz ; 1 oz. = 20 dwt ; 1 dwt. = 24 gr. 

lb. oz. dwt.gr. 
To add 7. 10. 14. 12 

19. 6. 17. 14 
6. II. 15. 19 



36. 6. 7.21 

Adding the first column to the right, or of grains, what 
If over 24 gives 21 to set under this denomina- 
tion, and 1 dwt. is carried to the next denomination^ or 
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dwt. coluran. This second column being added, gives 
47 dwt, = 2 oz. + 7 dwt ; therefore the 7 dwt. are 
placed under that column, and 2 oz. are carried to the 
ounces ; the ounces added, with the carrying, give 
29 oz. == 2 lb + 6 oz ; the latter placed under ounces 
and the 2 lb. carried give ultimately, by the addition of 
the la^t column, the number of whole units of pounds 36; 
then the whole sum is expressed. These examples 
may suffice for the present, as more will appear in the 
practical part. 

$ 61. SUBTRACTION OF DENOMINATE 
FRACTIONS. Rule. fVrite the denominations 
of the subdivisions of the quantity to he subtrax^ted 
under the same denxyminutions in the quantity whence 
they are to he subtracted^ and subtract in each columu 
the lower from the upper 9 beginning at the lowest 
denomination^ and in borrowing from a superior 
denomination^ give to the unit borrowed the value it 
lias in the lower subdivision in which it is used. 

This rule is evident from the vsimple inversion of 
what is directed to be done in addition, and is ana- 
logous to the rule in the decimal system, as is evi- 
dent. These subtractions evidently admit of proof, 
by the addition of the remainder to the number 
subtracted, as is the case in all subtractions. 

Example in feet, inches, and tenths. 

f. in. 
17.7,3 

8.9,6 

8. 9, 7 



17.7,3 
Example in pounds Troy. 

lb. oz. dwt.gr. 
22. 7. 6. 6 
14. 9. 16. 12 

7. 9. 9. 17 

22. 7. 6. 5 
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The borroiviog in the ^r»x example, from the feet to 
the inches, has given 12 4* ^ i^^* ^^ 18 in. from which 9 
taken left 9, the decimals having been treated as usual, 
then 16 — 8 ft. -=8 ft. gave the remainder of the whole 
feet. So also in the second example, we had first, by 
borrowing to the t^rain^, 24 + 6 — 12 = 17 (grains) ; 
then in the second column 20 + 6— 16 = 9 pennyweights, 
in the third column 12+6 — 9 = 9 ounces, and lastly 
21 — 14=7 pounds, the borrowing having been made 
throughout according to the dictates of the arbitrary sub- 
division, and the numbers from which the units were 
successively borrowed, having always been diminished 
hy a unit 

§ 62. MULTIPLICATION OF DENOMI- 
NATE FRAiliONS. From the two different 
Avays in which it has been seen that denominate 
fractions may be compared, namely, as units, of 
which a certain number form another unit, or as 
fractions df the preceding, or rather the highest 
unit, with a certain denominator understood, it may 
be inferred : that the multiplication of them can be 
executed in two different ways. 

The first, using the given numbers as units, will 
form fractions, of a denomination adapted to tlie 
conventional system of subdivision, which mode is 
exactly analogous to what has been done in decimal 
fractions. Tliis is often called Cross MutHplicatum. 

The second consists in using the lower units that 
are given as fractional parts of the whole, and tsikes 
the products of the multiplier into the multiplicand 
as such, distributed in parts that are best adapted 
to the easy division of the multiplicand, and ex- 
presses the results in the same unit, and its subdivi- 
sions ; the final result is obtained by the addition of 
the products ; this method is usually called Practice. 

In the application of multiplication to this species 
of quantities, we are limited by their nature to those 
which are capable of producing things really exist- 
ing in nature 5 as lineal measures into each other. 
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which produce surfaces, and these again into linea! 
measures, which produce solids. Or to such as are 
of a diffei*ent nature from each other ; and their 
relative possibility of being compared with eacli 
other renders them fit to give a ri*sult existing in 
nature, as for instance, money into weights, or 
measures, of any kind, where only the numbers or 
quantities are used, and the things themselves^ arc 
considered as capable of representing each other^ 
that is : c6nventionally comparable. 

But such quantities as money into money, weight 
into weight, being incapable of producing any pos- 
sible result, cannot be objects of this or any calcu- 
lation ; and to the latter only the second method is 
conveniently applicable, because the resulting infe- 
rior fractions become of an irregular computation^ 
if cross multiplication was applied. 

§ 63. To multiply by the first method, or Cross 
JUidtipUcatunif we have the following rule, grounde<l 
upon the general principles of fractions. 

Multiply nU the columns of the multiplicand succes- 
sively by all the numbers of the columns of the multi- 
plier^ beginning at the right hand figure^ and carry ^ 
in each passage to a higJier column^ according to the 
value of the subdivisions made use of ; place the 
results of equal qimntities under each other; their 
sum in the result will give the whole quantities and 
the subdivisions^ according to the same scale as the 
preceding S'iiJbdivisions ; that w, the denominators be- 
coming equally prodUfCts of the denominators indicated 
by the suhdivisions. 

Example. To multiply 7 ft. 2 in. X 6 ft. 5 in. 

(t. in. 
7. 2 
6. 6 



2. II. 10 
43. 

45. 11. 10 
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By muhipUing here 2 id. into 6 in. we have properly 

2 6 10 

made — x — = — ; therefol^e we have obtained a 

12 12 144 

subdivision of the unit one degree lower thiin those em- 
ployed, (IS in decimal fnictions ; therefore, also, in writ- 
ing (he result, this has been removed one atep more to 
the right, in making 

o 35 11 

7 ft. X 6 in. = 7 X - ft. = — = 2 + — , 

12 12 12 

we have obtained first twelfths, and then, by redaction td 

11 
whole numbers, 2 whole quantities, and — of a foot; th^ 

12 

2 12 
re8ultof2in. X6ft.=6 X - = - = 1, has given, br 

12 12 
the same principles, one foot to carry to the next result ; 
then, by the multiple of the feet into the feet, with this 
addition, we have 6 X 7 + 1 = 43 feet ; the final 
sum IS obtamed as in addition, but presents an inferior 
subdivision one degree lower in the same scale of subdi- 
vision tliat ts used, or twelfths into twelves ; thence the 

11 10 
above result is = 45 + 1- . 

12 144 

If we multiply again (for example the above result) 
|»y a Imeal dimension, we shall obtain a solid, expressed 
in the same system of subdivision ; thus : 

ft. in. 1. 
45.11.10 
6. 7 



26. 9. 10. 10 
229. 11. 2 

250. 9. 0. 10 
Here we again obtain, by the very same process as above, 
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a denomtaatton still lower in the same scale of subdivi- 

.9 10 

sion, or = ^66 + 1 . 

12 12 X 12 X 12 

$ 64. Multiplication of Denominate Fractions as 
Fractional Parts of the WTwlCf or Practice. The 
nature of this op^ration^ as stated above^ evidently 
leads to the rule. 

Multiply the whole and fractional parts of the mvlti^ 
plicand by the whole numbers of the mvlttplier ; then 
distribute the fractional parts of the multiplier into 
such as are mast easily taken; take such parts of the 
whole and fractional part of the multiplicand as will 
be indicated by them, and add all these parts for the 
final result. 

By this operation the pr(>ducts of the different 
fractions, distributed for the convenience of the ope- 
ration, being partially taken, the proof of the rule 
lies in the simple multiplication of fractions, and 
this is only repeated ; it is generally convenient to 
divide the fractions of the multipUer so that the 
smaller subsequent parts are again fractions of the 
&^t. 

For the purpose of comparison with the other mode, 
we shall use the example already given. 

ft. in. 



7. 


2 


6. 


5 


43. 





2. 


4f = 


0. 


7* = 



= i = 4 in. } r„ 

=|xt=iin.r 

46. llf 



Here, after multiplying the 7 ft. 2 in. by 6, the whole 
number, giving 1 2 in. + 42 ft. =s: 43 ft. the 6 in. of the mul- 
tiplier are divided into 4 in. = ^ ft, and 1 in. = J X 4, in. 
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or I X I ft, the } x 7 ft. giving 2 ft. and 1 ft. rftmaiDing, 
which gives 12 in. to add to the 2 in., the > of the 
(12 + 2) in. = 14 in. being taken, gives 4| in., a^ in the 
second line ; the second fractional part being ] of that, or 

2 

of 2 ft. + 4| in. = 28J in., the J of whichis 7 ^ 

3X4 

= 7+1- in., gives the third line ; the addition of the pro- 
ducts is easily understood from the addition of fractions, 
as I + ^ = J^ + i = f , and the -rest is like the addition 
of denominate fractions. 

Let this example be continued, as was .done in the for- 
mer case. 

ft. in. 

46.11| 

5. 7 



229. Ilj^ 
22. n f j = « = 6 in. I 

256. 9^«3 

We have 5 x f = V "= ^ + i> ^^^ ^^^ product of the 
whole number 5 into the fraction 9 then 6 x 11-4-4 = 
69 in. = 4 ft. 11 in., from the whole into the inches, 
with the carrying, the rest then as whole numbers, or 
45 X 6 -f 4 feet. For Jtlie 7 in. we take 6 in. = i ft, and 
1 in. = ^ X 4 ft- ; therefore 4 x (45 ft. 11| in ) giving 
the second line easily ; and the third line being ^ of that, 
presents ^ fi, = 3 ft. + V >"• J the second part or 

48 in. -f- 11 in. 

'■ = 9 in. + f ; and the fractional part of 

this, making in ,V as the upper fraction is J J, which add- 
11 71 

ed to , gives = ^. 

6 X 12 12 X 6 

The addition is executed in the fractional part by re- 
ducing them all to the denominator 72, which is their 



^common multiplier ; the whole inches are then carried 
to the next addition, which is executed as shown in 
its place. If any such denominate fraction of any kind 
is to be muHip&ed by a whole number, it is evident, 
that nothing is required but to multiply each of the 
parts by this number successively, in die above order ; 
carrying according to the principle of the given arbitrary 
subdivision, exactly as was done with the first, or whole 
number above. This is evidently admissible with any 
subdivision, and needs no separate explanation, as it has 
actually been already given. 

$ 65. The two preceding modes of performing the 
multiplication of denominate fractions being evi- 
dently cumbersome when applied to great cadcula- 
tionsy and when the fractional parts, or lower deno- 
ininationsy are not easy aliquot parts of the whole^ 
it will be often most convenient, to reduce the 
factors to whole and decimal fractions, by the me- 
thods taught in their proper place, and then to pro- 
ceed by multiplication of decimals ; for this purpose 
the fractions would be marked with their divisors, 
according to the habitual subdivision. 

Bkcatnple, Let the preceding question be executed iiv 
this way, and by abridged multiplication of decimals ; we 
obtain as follows : 

7 + t^ « 7,1666 . . . . : 6 + ^ = 6,41666 
Performing the abridged multiplication thus : 

6,41666 

7,16666 

44,91666 

64167 

38600 

3860 

386 

38 

4 

8 46,98610 
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Aa both fractions are repeating, having Bcontiaaed repeti- 
tion of the 6, the prodacta of these hare been iaserted, 
as long as thej have any inflaence in the numhers pre- 
served, by repeating the first product of 6, receding 
every time one place more to the right ; and i& the last 
nnmbers of the products always carrying from a product 
of a previous 6 ; this has been performed throughout, 
by augmenting the last figure one unit. 

The second multiplication, treated in the same way, 
will, when executed, give the following 

Examplt. 5 + ^ = 6,68333, the series of 3 be- 
ing again coaliaiied. 

46,9S6t 



229,9305 

22,9330 

3,6789 

1379 



To compare these three remits together will be motv 
easily done by reducing the two former ones to decimals 
also i thus we obtain by § 60, 

9 10 • . 

256 -1- - H = 256,75578 &c. 



= 266,75578 &C. 

64 

=: 266,7556 
'0 units in the foarth decimal, 
, is owing to the ne^ect of 
tors, which of course gives a 
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smaller result, bat which is in most ciaea safficientiy ac- 
curate ; a fiuther extenaion of the decimalB would of 
course cause a nearf r approximatioa to the other result. 

§ 66. DIVISION OF denominate: FRAC- 
TIONS. The remark made in relation to the mul- 
tiplication of this kind of fractions, upon the incon- 
Teniencea of the operation, and its being applicable, 
generally speaking, to lineal dimensions only, ap- 
plies still more forcibly to their division; in all 
other c 
same < 
where 
kind ol 
nature, 
produc 
iiitudcf 
really 
bletol 
fractioi 

In a 
curs in 
quantil 
and th< 
mere n 
selves J 
of the 
tion of 
and dii 
tient Vi 
of the t 
value 
sum, '« 
employ 

Ort 
decima 
ceding 

■the same raait, at the reduction to the lowest denei- 
mmaHm ; because the quotient resulting gives fdso 
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Iicrc tbe actual value of the fraction expressed fay 

the dinsion. 

5 67. To perform a Bivixion of Bttiominatt Frac- 
tions. A9.thi8 may be desired, in lineal dimensions, 
to give an appropriate general 

number -whicht multiplied into the 
a product nearest bdow the divi- 
')y it as in common division, only 
er or carrying from one denomina- 
fiott to the otfuTf luxording to the principle of the deno- 
minate fraction f then reduce the remainder to the 
next lower denomination, and multiply the product 
b y the denoihinaior of the denominate fraction; reduce 
also ilte whele divisor to the next Unver deMminate 
fraction, and divide the last Stained dividend by it; 
ihe result tvill give a number expressed in this next 
tower denojtiination ; thus continue ^fke end of alt 
the desired subdivisions. 

The reason of this rule is evident in its first step, 
from common division of whole numbers ; in the 
second, and following steps, the multiplication of 
the remainder, after reduction by the denominator 
of the denominate fraction, is necessary to give by 
the division a result expressed in units of this lower 
division; in the same manner as for decimal frac- 
tions, a was added to every remainder, to pro- 
duce a quotient of the next lower rank of decimals, 
because this produced a multiplication by 10. 

Examph. To divide 
(t. Id. 
17^ = 2 ft. 3 in. ^-^-V 

7.10 
16. 6 

S. 1 = 25 in. multiplied by 12 
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300 in. 12 

= 3 in. + — 

Divisor reduced = 94 94 

282 
12 

The first quotient found here, or the feet, is 2 ; then the 
remainder, 2 ft. 1 in., is reduced, and multiplied by 12, to 
give the next denominate fraction, by the division with 
the reduced divisor, or 94, which gives 3 in., and the 
fraction which is here leil, but could be reduced again to 
twelfth parts, as the next subdivision, by the same opera- 
tion as the inches were obtained, if desired. It must be 
observed here : that in the dividend the 9 were treated as 
twelfth parts of the square foot, which are not inches 
cubic ; if they were such, they would present the deno- 
minator 12 X 12 = 144, as may easily be judged, by 
reflecting upon the multiplication shown above, or be- 
cause 1 ft. = 12 in. gives 1 ft. square = 12 in. x 12 in« 
=3 144 square inches. 

To execute the same Operation or Division by the 
two other Metlwds. The process of reduction to the 
lowest denomination^ or to whole and decimal num" 
bers^ is evident from the principles of division 
taught for the two cases^ in their proper places. 

The above example would stand in them as follows : 
1st. By reduction to the lowest denomination, 

ft. 1*0. 

Mrf^ 213 

= = 2, 2659 ft. = 2 ft. 3, 1908 in. 

7. 10 94 

this last by multiplying the decimals by 12, the denomi- 
nator of the denominate fraction. 

2d. By the whole numbers, and the value of the sub- 
divisions in decimals, 

17^ 17,75 

- = = 2,2660 =» 2 ft. 3, 192 in. 

7. 10 7, 8333 

The first result will be somewhat too small, on account 

8^ 
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of the discontinued division, tbe second somewhat too 
large, on account of the discontinued series of 3 in the 
diyisor, which, heing smaller, leaves the quotient ti> be- 
come somewhat larger. 

The whole of the examples in denominate frac- 
tionsy and particularly the latter ones, show : that 
the calculation of denominate fractions properly be- 
longs to the applied or practical part of arithmetic^ 
which is intended to be treated in the next chapter ; 
it has however appeared proper to treat of their 
principles here^ considering them as fractions of a 
particular nature, as these considerations tend to 
illustrate the general view of fractions ; to enter 
more minutely into details is however the province 
of the practical part, where more examples will ap- 
pear, and where it will become evident to every 
attentive peruser of this work : that the proper un- 
derstanding of the principles of arithmetic vnll sug- 
gest to him in every case the ideas which will lead 
him to the most judicious, accurate, and short way 
to execute calculations^ implying such detail cases* 
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PBACTXCAi; AFPUCATIONS OF THE FOITB EVLES OY 

ABITHMETIC. 



CHAPTER !• 

General Principles of the application of the Four 

Ibdes of Arithvi^tic. 

$ 68. In the previous chapters have heen deduced 
from the first principles of flie combination of quan- 
tity and numbers what are called the Four Rules of 
Arithmetic, and they have been applied to the dif« 
ferent forms in which quantities are presented, 
namely : as whole numbers of units, or as parts of 
the same^ and these latter expressed either by their 
general relation to the unit, as in Vulgar Fractions, 
or by a continuation of the decimal system below 
the unit, as in Decimal Fractions, or as arbitrary 
subdivisions under the name of Denominate Frac- 
tions. 

The preceding part may therefore be considered 
as the theory of the four rules of arithmetic ; it 
will already present the solution of a great num- 
ber of the questions arising in common life from 
daily intercourse or occupation. Though this ap- 
plication might be made by the teacher, it may not 
be improper, particularly for such persons as should 
wish to undertake the study of aritiimetic by them- 
selves, to give a few leading ideas to guide them in 
the proper choice of the rule for a certain given 
case^ together with some examples. 
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§ 69. Under the head of dddition will come : all 
such questions^ where qtuintities of the same kind 
are to be counted together, as has been seen to be 
the origin of this first rule. It is of course impossi- 
ble^ to add quantities of different kinds together un- 
der any denomination than as mere things; and this 
remark, simple as it i^ may escape in certain cases. 
We have seen, for example, in fractions, that we 
were compelled to make such changes in the deno- 
minators as produced the effect, of reducing the 
quantities which are of a different kind, on account 
of their being different parts of the unit, to quanti- 
ties of the same kind^ or denomination, before they 
could be added. 

That all this applies equally to Subtraction, is 
evident from the principle, that it is only the oppo- 
site operation of Addition* 

$ 70. So for example. A farmer, making the 
enumeration of his live stock, may add them either 
under their different denominations, as different 
kinds, or in sum total. 

Suppose, therefore, a farmer had his live stock distri- 
buted in different lots of ground, as follows : 

In the door yard are 3 cows, each with a calf, 2 horses^ 
and 4 pigs. 

In the meadow he has 4 oxen, 6 cows, and 3 young 
horses. 

In the field, a flock of 35 sheep, 5 cows, and 4 calves. 

He lets run in the woods, 9 pigs^ 7 cows, 4 joung oxen^ 
and 2 horses. 

We may ask here, first, the sum of all his live stock, 
which will comprehend all what is aboire under one sum j 
thus : 



\ 
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2 horses 

3 cows 

3 calves 

4 pigs 
4 oxen 

6 cows 
V 3 horses 

.36 sheep 
'6 cows 
4 caWes 

9 MS 

7 cows 
4 oxen 
2 horses 
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91 heads of live stock. 
2d. We may ask how many of each kind, and then we 
shall have to separate the quantities ahove, in this 
manner : 

Oxen. Calves. [ Horses. 
8 2 



Cows. 
3 
6 
5 
7 

2\ 



4 
4 

8 



3 

2 



Pigs. 

4 

9 



Sheep. 
35 



13 



1 1 



Other examples of Simple Addition may be the fol . 
lowing : 

For a certain undertaking in a village, seven men 
agree to give each as much money as he has in cash in 
pocket; John has $47; Peter $121; James $50; Rich- 
ard $79 ; Francis $107; Frederic $192; and William 
$306 ; how much stock do they bring together ? The 
addition gives : $ 47 

121 
60 
79 
107 
192 
306 



$901 
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How much is the whole banking stock in New-York, 
the stocks of the chartered banks being as follows 
Bank of New- York, $ 950,000 
Manhattan Bank. 2, 060, 000 

Merchants' Bank, 1, 490, 000 

Mechanics' Bank, 2, 000, 000 

Union Bank, 1,000,000 

Bank of America, 2, 000, 000 

City Bank. 2, 000, 000 

PhcenixBank, 500,000 . 

United States' Bank# 36, 000, 000 
Franklin Bank, 500, 000 

North River Bank, 600, 000 

Tradesmen's Bank, 600, 000 

Chemical Bank, 600, 000 

Fulton Bank, 600,000 

Examples of this kind are too easy to require the inser- 
tion of more. 

§ ri. Examples of Subtraction. 

1 . Francis has 35 head of cattle on his farm, and his 
neighbour James 84 ; how much has the one more than 
the other ? • 

James' cattle 84 
Francis' cattle 35 

Difference 49 which James has more. 

2. A man going into account with himself finds his 
whole property amounts to J 18406, and that he has 
$10509 debts ; how does he stand ? 
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Property } 18406 
Debts 10509 



Difference $ 7897 clear property left. 

3. In a year there are 365 days ; of these 52 are Sun- 
days ; how many working days are there in a year ? 

Ans. 313 days. 

4. A man in business bought, during the year, goods to 
the ^paount of $106409, and sold to Jhe amount of 
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|$5987d ; taken at the ume price or estimale, what 
amoDDtofgood!) has heleft? Aat. ^46550. 

$ 73. The applications of Multiplication occur in 
every case where one of the i 
often as indicated by another n 
the multiplier, as is the case 
purchases, profits, interest, at i 
adopted unit of the things bouf 
in general, whenever the same 
repeatedly taken. 

iet Example. John bays IS peaches at 3 cents a-piece ; 
bow much has he to pay ? Ads. 36 cents. 

2d. 48 head of poultry bought at 5 cents per bead ; 
how many cents to pay ? Ans. 240. 

3d. The ye^f has 366 days, every day 24 hours ; how 
many hours in a year ? Ans. 8760 boars. 

4th. Hoiv maoy minutes are there in a month of 31 

days, the day hartDg 24 hours, and the hour 60 minutes ? 

Ans. 44640 minutes. 

6th. A merchant bought 56 bales of cotton goods; 15 
of them held 31 pieces, 29 held 28 pieces, and the rest 
26 pieces each ; for each piece he pays $3 ; how much 
mast he pay for the whole ? 

Ans S$«81topay. 

'iQs. J j^27 pieces of cotton goods. 

The numbers indicating the quantity of pieces in each 
hale are to be multiplied by the number of bales respect- 
ively; the sum of these results gives the whtde number 
of pieces, which being maltiptied by 3, the price of each 
piece, gives the final result. 

6th. A merchant bought 963 barrels of flour ; on 
weighing them, he finds their average weight 202 lb. 
and that the barrels average "J ib. weight each ; how 
many pounds of flour has he ? Ans. 187,785 lbs. 

Abte. The sublraction needed in the above example 
from each barrel, is what in commerce is called tare ■ 
the remaining weight is what is called neat weigki. Tare 
is usually determined by an approximate valuation, in 
each particular kind of package, according to certain ha- 
bitual, and even local, rules. It is sufficient to know 
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these, to execute aoj example of mercantile calculation 
rektiog to what is called tare^ as they form a subtraction 
upon agreed priociples. 

7th. The sum of jJS6500 is lent out at interest, for tbree 
years, at 6 per cent, simple interest, annually ; what 
will be the whole amount of that interest in three years ? 

The interest per cent being evidently a decimal frac- 
tion, in the place of |the hundreds, or second decimal ; 
the whole operation of any interest calculation for the 
year, consists in multiplying the capital given with the 
corresponding decimal fraction, and for more years, to 
multiply this product agstin by the number of years 
required ; thus the above consists in the executioQ of 
the following multiplication : 

6500 X 0,06 X 3 = 390 X 3 « ^1170. 
It is evident also from this, that all transactions of 
commission, brokerage, exchange, notes, drafts, stock, 
&c., which are grounded upon a certain per centage of 
premium, or discount, are exactly of the same nature, 
and determine a decimal fraction by which the amount 
is to be multiplied, as in this example. 

$ 72. Division applies in ordinary business to all 
cases^ where any quantity of things is to be divided 
among an equal number of persons, or in on equal 
number of lots or parts ; the quotient will give the 
share of each person, or the quantity of thing;s in 
each lot or part. It will therefore also apply to 
find the price of a single piece of a thing, of wlucb^. 
a large number has been purchased, for a certain 
price ; as in the following examples : 

1st A father, having six sons, leaves among them a 
property of $76590, to be shared equally among them ; 
how much will each son get? Ans. §12765. 

$d. The provision of an army in bread is 90567 lb. ; 
it is intended to distribute the whole to the soldiers, to 
save separate transportation ; there are 10063 soldiers ; 
how many pounds will each have to carry ? Ans. 9 lb. 

3d. Thie expenses of paving a street, 500 feet in length, 
amount to $1000 ; the amount is to be distributed among 
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the Owners oi'tbe Hdjoioiog Ipliy €acb iiavjng a lot of 2^ 
.feet.; how much will leach lot, or ownei:, iiiave to pay ? ' 

Ana. ^60, 
; 4th. A merchant hought 109 bales of calico,, for ihe 
total amount of $ 1 2232 ; he finds that 40 bales contain 
each 30 pieces, 50 coiitaih each 25 pieces, and the rest 
contaiti S2 pieces each ; how high does each piece stand 
him ? Ans. ^4^. 

'5tfa. How matiy days are there ifr 24480^ mtfkutes^'^ach 
#fty having ^4 hours^ ear*h hodr 60 minutes ? Ans^ ^ d^. 

eUi. How^many days^wiUit>take>a man to travel 94^ 
mileSfif he travel 3SLfliil£k per dky ? Ans; 27. ds. 

Upoothe pFmeiple^ hefe^howA for the fi^it rotes in 
whole ^mhe^, it will be easy for thetencherfmd schpbvr 
ie form abundance of examples for practice, ajid.tosplfe 
those given at the end. , 

$ 7S* It wai be proper here to draw the attentioh 
to a general principle, which will always guide 
lis in' the use of multiplication, as applied to any 
]rarpose ofiife, or even of science; namely : it ex- 
presses always by the two factors a certain cause 
and a certain repetition of the same, which may 
be best represented by time, for this is the measure 
of repetition of effects in nature, as we have seen it 
to be, for instance, in calculations of interest, &c. ; 
the result of these factors, giving the product of the 
numbers, represents equally well the eflTect produced 
by the cause, represented by the one factor acting a 
certain time, which is represented by the other factor. 

So we may repre^sent the multiplication and its 
results as the product of cause into time, being equal 
to their effects' (the great law which is to be exactly 
filled in evei*y expl^natirm or investigation of a subr 
jeCt of natural philosophy.) Instead of time, .we 
may also call that fkctcir power, and the other the 
object act^d upon by this Jwwerj the ideas of cause 
and time however, always apply equally well ; as for 
instance, i iriah having certain means to do a thing, 
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and using them so much, or so many times, would 
be tiie same thing in respect to the efibct; and so 
in all similar cases. 

As we have shown in multiplication, that its 
application included all the cases where a cause 
acting a certain time, or number of timies, pro- 
duced a certain effect. So division may, with 
equal propriety, be considei*ed as 4econip09ing the 
effect, into its came ^ni time; the one of these 
being given, besides tber effect. Thus we evidently 
find : tiiat if a certain work had been done, l»y a 
certain number of men, in a c^liain tine, the work 
expressed in numbers representing the effect, the 
time of the work, or the number of men, being giv- 
en, the number of men, or the time of their work^ 
may be found, by dividing the ^ect by the number 
of men, or the time they worked.. In like manner : 
if tiie interest •btaint-d upon a sum of moiiiey^n a 
certain number of yea»s be given, tiie yearly aonouut 
of it (that is the cause) wUl be givj^n^ by the quotient 
arising from the division of tte wbole am^uiit by 
the number of years, and vice versi^ 
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Application of the F&nr Bsfiidt'^ ;Jkithm^i0. tq g^ 
kinds of ([uestionSf invjdv^g i^' ructions '^,^Uher 
kind. . , „ 

$ 74. In most of the cii*cum?5tances, wJiere calcula- 
tion is to be applied in common HI'q,, the. given: quan- 
tities either contain certain fractions* or denoiniQiate 
subdivisio^isof theunit, which have been called Bc- 
nomina^ Fractions, or thej^ often lead to such by 
division, as has been seen in it^ pl^cei 'll^e calcu- 
lator must determine by thjB aid of p^-oper reflectiqu 
upon any given case, and b/liis knowiedge of the 
principles or theory of arithmetic, in what manner 
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it w|l] be most easjy and^ according: to the aim of 
the calculation/ most accurate^ to obtain the result* 
Prap|ice gives great facilities for this determina- 
tioiVf in tiie instructions tor performing it, only 
genera^, considerations, or jjriniriples, can be pre- 
sented^ and! examples that may serve as an intro- 
duction to it ; this is the aim of the present chapter. 

It may, for instance, be readily inferred from a 
eoihpartson of the operations in Vulgiar and in De- 
cimal Fractions, that in complicated additions of 
numbers, involving vulgar fractions whose denomi- 
nators are not simpTe, or commensurable, (that is, 
the one a hnHfipfe df-th^ bther,).the reduction of the 
fractional paj^t ipto de<;inr^fractions5. before they 
are added, is .p^uUariy advantageous. 

In ;Stt6^ractton the same is the case, in a less de- 
gree however, on account of the circumstance of 
there being oiily two fractions that can possibly bo 
engaged in one operation. 

Dencnninate fi'ax^imis present no difficulty, in 
fAHaer addiU&n or sid^rocfJM, mor^ than common 
nufliben^, ekcept the attention that is ^lecessary in 
the carrying, <^r boi^r^ifwhigr frmkione^enomination 
to the other, but are fromtthat cirdum^tance, and 
thw irregilar ppogiwsipDas,!. far Ic^ss: convenient 
tban decimal fractions. F^rom this circumstance the 
decimal system derives great a<dvai)tage, and has 
for that reason been introduced ^tl^at In the coins 
of the United States. 

The reduction of wfiole numbers into fractions 
will never be needed ,in adaittan^ >hen it may be 
required in subtractidn, the application of the prin- 
ciple of borrowing one single unit, and reducing 
the same into the required fraiption, as in the addi- 
tion of whole numbers and decimals, will be the 
roost advantageotfs and short0st method, wherever 
ibe reduction of the yulgar frai^titun into a decimal 
firactidn does not present greater advantages. 
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^ 77^ III, the, vei7. outset i«re |ifiyp sliQWBf tiwM; 
Quantity ;w«8 iJl tliat 10 cupiiblci^ of inorease or 
decrcAse^ witbout regard to the ntftiire or kind of 
things the number of which was increaised or de- 
creased. From the sinple ^ji of eonsicJei ing two 
things together, or adding them, and then succes- 
sively more, or diminisldug a certsdn number of 
things, both by the ^se of a detemaf tied system of nu- 
meration^ we have arrived step by step at the priti' 
dpUs of the combination of quarUityy and conversely 
again^ to the decomposition of a oombinatian into its 
parts. 

This process has led us to the four ^ules 6t arith- 
metic, that have been explained successively, two 
of which have been shown to be the opposite of the 
two others ; each leading alternately to titie decom- 
positiqn of the composition of the other, as addition 
and subtraction, inultiplication and divmonj the 
latter two of which have been shown to be the result 
of the continued repetition of the two first. By these 
means ail the opeiations upon quantity in usual life, 
which depemi merely on combinations, have become 
calculable, as shown by the application made of this 
theory in the second part. 

This retrospective view of the part of arithmetic 



hiflierto ti<eate«l of, appeal prd^ fotietii&eii here^ 
in order to awaken appropriate reflections in refer- 
ence to the whole of what kits been^one, and the 
means it has furnished for^ fiirther progress. The 
scholar, atten* tire to what 'he h^ done hitherto, 
cannot but have acquired th^' faculty of reasoning 
upon quantity. The refiections which we shall have 
to make in future will be as simple as before, but 
the application of them will require that he have 
made himself acquainted with the tools, or means, 
which he has to use in the following parts of arith- 
metic, andacquired some dexterity in their use ^ he 
will do well therefore to cast back upon the whole 
a cursory view, in order the better to comprehend 
the g^ieracl ideas that have directed It. 

$ 78. The consideration which will be the foun-^ 
dation of the part of aiithmetic tD''6e'notvr t3*eated of, 
is the relation which tiieqiiantiti^may have to each 
other, ^h^thei* they be combined in' any 'Why, or 

* The relation df quantities to eai^h other, ini^hat- 
ever way it may be, is ddletf their taiib. As we 
have seen that the increase oi^ decrease of quantities 
depends on their cottAinationji sd their relation to ^ach 
other, that is, Hiieh raHo, iaikkt als^depetid on their 
possible combinatioii, as it is det^rmiiiied by it. • Thioi 
ratio is, therefore, also considered m rdation tb these 
combinations ; and, as we have Had the two princi- 
pal combinations, of additioh <>r subtraction, and of 
multiplication or division, so we have also two kinds 
of ratiOf corresponding to them ; namely, by addi-- 
tion or snbtractioil^' and this is called arithmetical 
ratio ; and by midtiplicaiion or divisum^ which is 
called the geometrical ratio. We evidently here again 
find the second a^r^etition of the first, as multipli- 
cation and division are the repetition of addition and 
subtraction; but we may omit going so fkr back 
into elementary coni^iderations, and proceed forward 

10 
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with the ^^^ idefiy,^ reader it fmitful for ^ftc« 
tioal use.*' . . ^ 

, These two kinds of Mtib t%ke tl^ir m^^k of nota- 
tion 'from the marks allied tb th^ combinations <»r 
rules of arithmetic^ oti which tiie^ depend ; thus : 

.The aiithmeticfd ratio of )7^;to S^, is expressed by 

« • _* ' 

-. . 7^3 ■ ■ 

I'he geometrical ratio of 7 to 3, is expressed by 

'■''■'. 7 

7 : 3 5 or — 
3 

Hiey might beeqoalfy well expres9ed by the signs 
of addition and multiplicatioii» if we were in the 
habit of generalizing the coa$iderations on quajitity 
to that extent; and ^e«h|iU^^h^reafi:er> that their 
theory leads to itf thiE^ is tpt say,» that when the 
rutio of two quantities by sHhtrtu^tion, or divisfon^ 
to which the above siglis are. Appropriatiddy are giv- 
cn^ their ratio by addition, or multiplication, is ako 
given ; or ike one is a consequence of the other. In 
the habitual mode of writiog«. therefcH'e, an jarith" 
metkal raUo expresses a d^&i^enee between two 
quantities, and a^coniatri^ ril^io expresses the quo* 
fidfi^ arising from ibe division of the t^o quantities; 
this latter is called iiuindea:,, ><^hen referredto the 
geometrical ratio. 

§ 79. The simplest reflection leads to.tl^ idea : 
that two or more such ratios may be exactly equal 
to each other, as well a3 tw^ quantities in general ; 
such an equality of rfUio is cMed a proportion* . . 

This principle between two ratios is expressed 
very naturally by the sign of equality between them^ 
a$ for example :■ 

* The propriety of th^se ilenomiaatioDi k votivoiitk dlBcnssin^ ; 
tjtiey are mere names, to which the ides^abov^ explajao4 is to be^ 
aittachecl, which forms Ifrhat is called their deEtiitioB. 
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An arithmeticai proportion ^It be eslpreMed tiiua : 

7- 3=: 12- a 

This says : the difference betwe;en 7 and 3 is equal to the 
difference between 12 and 8. 

A geometrical proportion will lie expressed thaa : 

12: 3= 16 : 4 ; or'*| = y 

And this says : the quotient of 12 divided by 3 is equal 
to the quotient of 16 by 4, as it is evidentiy in both ra- 
tios = 4 ; and this rs therefore iedso the index of the two 
equal ration. 

The Jlfsf term o[ a mtioik called the antecedentf 
the 9ec(md,the comequeni ; the first and last terms oi 
a proportion are ca,lled t)ie e^p^me t^rm^f the second 
foid thi^ thd men/Ki' Urim* , / , , 

A neajrer inveat^gi^lQnotitie properties of tM)SO 
ratios will justify the a^er^^n. made above^ for we 
3haU find f that the aritJwetieal proportion^ expresa- 
c;d as a difference, gives aJeo an equality of sums ; 
and the equality of the quotients isui equality of pro- 
ducts | and that in this prop^ftjr lies their extensive 
iitilitj in ^U calculations* 

$ 80. It may be easily s^n that» while in the 
preceding part of arithmetic^ pounded upon combi- 
nation only, we were limited, to things of the name 
kindt We obtai^ by this.exte|)9ion» or the considera- 
tion of the relatiaaof two thvngjf to each otlier in r^ 
pecttoq^(intity9 the meafis of uu*iiung conclusions by 
calculation from: things <^ dijBT^rent nature mutually 
acting upon each otner; by tbejpbndition^ or simple 
consiqi^tionyef fAiee^ua/i^o/^^Ai^ra^q/^fic'o things 
of one kind, to two things ^ another kmij, whiph we 
gWrve in, nature in, all things^ for we may see ^ 
herd of c^Ie, as much, or aaimany times, larger 
than another herd of cattle, as the money owned by 
one man is as much, or as many times, larger than 
the money owned by another man i a mountain as 
much or as many time43 higher than a house, as the 
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amount of one bill of exchange is of as much, or as^ 
many times, a greater amount than another* 

These considejrations are daily made in common 
life, by every one, and they need only be transferred 
into the language of arithmetic, to direct us in the 
principles of calculation derived from them. 

The first of these ratios and proportions, namely 
the arithmetical^ j;^i*e naturally more limited in their 
application to practical purposes^ as they are the 
result of a more limited scale of combination* The 
second, namely, the geometrical, are much more 
extensive, depending on a higher scale of combina- 
tion; the geometrical prbportion is the principle of 
"vrhat is called in ilrithmetic the rule of three. 

§ 81. I, have thoHght proper to enter into these 
elementary diftductibns, though their aim is thereby 
kept back for a shdi't time, because it is ill-important 
in any study to conceive the fundamental ideas in 
their generalization, by which the explanation is 
so tnuch fatilit&ted, as uTtimately to lead to a short- 
ening of the task^ both of teaching- and of studying. 
To render these fundamental ideas useful, we shall in 
tl^e first place show the consequences which lie in 
fhem, ffom the pi^ihciples of combinationiipon whiA 
they are grounded,, ahd the condition of equality^ 
which forms the ^particular nature of a proportion* 
We may already, flfoni the simple enunciation in 
signd, as it a^pe^rs above, conclude : that their ap- 
plication to i^ractice ' con$tiSts i^ tiie eVident pro- 
Serty, that any three 6f the quantities so conditioned 
eing given, "the fburth is necessarily' ^eterihinted ; 
the manner in which this is done, thus rendered 
of practical. Use, will aflpear from the investigation 
of the properties/ !resultipg from th^ principles of 
proportwn. '; .' ' ' '■'' *. 

* 



CtiAPtEttn. 

Arithmetieat iErcfportum* 

$ 82. In Jirithitietiad Froportion the principle 
evidently is: that the difference (or, as shown 
equally well, the sum) of tv^o quantities be equal to 
the difference (or sum) of two others. Therrfore if 
each ratio is increiased or decreased by the same 
quantity, the principle of equality continues to sub- 
sist as before, because the qoantities employed, and 
the ratios themselves, are both equal ; as it is evident 
that a proportion e^tpresses only a quantity in the 
form of the difference (or the sum) of the two others 5 
thence we have, for instance, from the preceding 
arithmetical proportion, 

7 — S = IS — 8 
by adding on both sid^ the number 8^ 

7 + 8 — 3 = 12 — 8 + 8 
and by again adding S on both sides, 

74-g--S4-3 = 12 — 8 + 8 + 3 
And as we have seen tbat addition and subtraction^ are 
inverse operations, and therefore compensate each 
other, the + and *<- also compensate, what they 
ar^' affixed to the same quantities; therefore the 
+ 3 — 3 on one side, and the +8-^8 on the 
other, reduce both these numbers to nothing, imd our 
arithmetic proportion is changed by it into 

7 + 8 =i» 12 + 3 

an expression exactly off the kind that it has been said 
($ 78) could also be usedfor ei^pressiiig the arithmetic 
proportion ; this result, expressed in words, gives the 
fundamental property of arithmetic proportions, that : 
in any arithmetical proportion^ the sum of the two ex- 
treme terms is equal to the sum of the.two mean terms. 
If wc had expressed the arithmetic proportion as 
a sum, as shown above, .we wodtd have the result: 
that the difference of the extremes is equal to the dif- 

10* 



114 JLSn^MEnCAX IPBOPOKTIOK. 

ference of the mean^ hy tb§ simple principle of the 
two arithmetic operations of addition and subtrac- 
tion being opposite to e^ch other* 

From the above result we are authorised to con- 
clude: that any operation of arithmetic^ performed 
equally on both equal ratios, leaves the principle of 
the ratio unchanged^ that is, equality will exist 
between ^liem i^t withstanding ; and by this princi- 
ple are guid^dL «a^d of course deduced with full 
authority, any .changes in the parts that may become 
»ecessarj./6r a ffiyen aim, in practics^l calculation ; 
thus it is eviiferitly allowable to make the following 
dim^es inth^ pboVe qj^thmetical proportion: [ \ 

Ast original^ , 7 — 3=? 12-^—8 

changed as above, 7 + 8 = 12 + ^: 

by adding equals, 7 — 3 + 6 =12 — 8+6 

subtracting equals, 7--s—- 3 = 12 — 8 — ^.a 
multiplying by equaTs, 5}C7 -3X5= 12 X 5 - 8 X 5 

'■-'...•- 7 . "4 12 . 8 

dividing by equals,. ' ; ~t ~ - = • - ; 

4,4 4 4 

Upon th€^ sanjie prtRcifdes the^ places of the terms may 
be interchangqi^ by tranposing the two extrem^^ 
or the two means, nit botli^ mutually ; either of the 
proportions resulting Will, give ihfi ^um of the mean 
terms equal t<^ thait of the extremes,. as is the pria 
ciple in the original proportiqn f thus is obtained : 

8 — 3 == 12 — r 
8 — 12 = 3 — r 
all giving 7 + 8 = 12 + 3 

Two. or more such proportions may also be com- 
posed, by the addition or subtraction of the terms, 
respectively terin for term; thus the foUowiiig two 
arithmetic proportioijs will give results as follows : 

7 — 3 t= 12-^-87 . . 
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we have from them 

r(7 + 16) — (3 + 4) = (l2+l9) — (8 + 7) 
1(16 — 7)— (4— 3) = (19— 12) — (r- 8) 

which gives again the sum of the extremes equal to 
the sum of the means^ which is the fundamental 
principle of this proportion. 

$ 83. In these principles and combinations or 
mutations lie the means, by which numbers thus 
related to each other, are made susceptible of calcu- 
lation; their mutual dependance therefore shows: 
that, when any tjiree of them are given, the fourth is 
necessarily determined, therefore calculable, ac- 
cording to the principles here explained. The 
arithmetical process resulting from them is evident, 
for if from one pf the above sums of extremes or 
means, we subtract either of the terms of the other 
sum, we shall have the result equal to /the other 
teroiof the latter sun), or wfiatis called the fourth 
term. . Thus^ if s^e had in the above origin^ arith- 
metical proportion 1^'e three first term^ given, as 

\' 7— d.'*= 12— ' 
making the sutn of the mean terms, 

, 3 + 12 = 15 

and subtracting from it the first (or tlie given) ex- 
treme, namely, 7, we have 

15 — 7?= 8 
and then the complete proportion , 

7 — 3 = 12 — 8 as above. 
$ 84. When, in such apiirithmetical proportion, 
the same number which has been the consequent in the 
first ratio, is the antecedent of the second ratio, the 
proportion is called a continued arithmetical propor^ 
tion; as in the following : 

12_10 = 10 — 8 
The middle term, which is repeated, is called the^ 
arithmetical mean; it is of course equal to half the 
sum of the extremes ; we have, for instance, here 
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12 + 8 = 10 + 10 = 2 X 10^ 

12 + 8 20 2 X 10 

or — =i= =s 10 =^ -^ =^ 10 

2 2 2 

Sacli a propdrtion may evidently be continued 
through a whole series of numbers, as follows r 

12 -10 = 10 -8=8-6 = 6^4 = 4-2 = 2-0 

Then the numbers 12; 10; 8; 6; 4; 2; 0; are 
said to be in continued arithmetical proportion; 
and the series, thus resulting, is called an arithine* 
Heal progression^ or an arithmetical series. Their 
use is very frequent in higher calculations, and we 
shall treat of them hereafter; we will here only 
state, that the successive numbers may either tit- 
crease or decrease according to the same principle^ 
and that, from the nature of their, application in 
practice, they are always written in the manner we 
have stated that arithmetitdl proportion might be 
written; namely, with tbesfgn of additioti: thus 
12 + 10 + 8 + 6+4 + 2+0 

would be a decreasing arithmetical progressum, or 
series; and 

3 + 5 4- 7 + 9 + 11 + 13 + 15 + 17 
an increasing arithmetical series* or progression; 
both are subject to the same laws, and the same 
principles for the mutual determination of their 
several parts from each o^er, an we shall see In its 
proper place. . . - . 



CHAPTER III. 

Geometrical Proportion. 

^%5. The principles of G eometric Batio, aa we have 
seen above^ take their rise ii^ the combinations of 
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the second kind^ explained in Part I., that is, from 
mtUHplication or division. In it therefore the ratia 
is considered as the indication of how many times 
a quantity is greater or smaller than another; the 
quantity indicating this ratio in one single number 
is called the index of the ratio; it is exactly the 
same as the quotient in a fraction or in a divisum. 

The investigation of the consequences of this 
]Hrinciple in a geometrical proportion gives the gene- 
ral law» which must guide all the operations founded 
upon geometrical proportion, and lead to the disco- 
very of all its properties. For this purpose it is 
best to present the geometric proportion as an 
equality of fra^tions^ or [quotients, which we have 
found it to be ; thus we have 

12 : 3 = 16 : 4 

U 16 
or — = — ; evidently presenting 

3 4 

the identity 4 = 4 by the execution of 

the division^ and indicating 4 as the index or the 
quotient. 

Reducing the two fractions to a common denomi- 
nator, we obtain, without any change in the value^ 
(as proved in fractions) 

12 X 4 16 X 3 



3X43X4 jr 

On account of the whole fractions or quotients 
being equal, from the nature of geometric propor-^ 
tions, and at the same time also the denominators of 
the fractions obtained, it is a necessary consequence^ 
that the numerators must ako be equal. 

Therefore 12 X 4 = 16 X 3 

which is evidently identical with 48 =s 48 

Comparing this result with the geometrical^* 
portion given^ we obtain the jproof of the essential 
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property of geometrical pf^Qportiim& ; that Hie prednct 
of the two extreme term>s is equal to the product of the 
two mstm terms. A pi*opcrty exactly analogous to 
that obtained foir tlie arithmetical proportion^ wbioh 
in that case relates to the sum of tke terms, aad m 
this to the ppoduct* 

This at the same lime confirjns the general priaci- 
ple stated above ? that a geometric proportion might 
be equally well expr^sed by a product, aa by a 
quotient, aad by opearations tlie converse of those 
made above, it would kad to the expifessioii of an 
equality, by division^ quotient, or what isiisuaUj 
called ratio. We wiMikl in that way of representing 
the pr(q)ortiOfl.obt^ii9 by dividing both siitea sue* 
cessivcly by 3 and 4, obtain: 

la X 4 ^:H S 



mt^m 



8X4 ^ X 4 

And because the 4 in the one fraction, and tbe 3 in 
the other feaction, compensate, by division in the 
numerator and denominator, we h^\^ from -this : 

.12 16 



3 4, 
or 12 : 3 = IQ : 4 
that is, the identical ^pression of the usual geome- 
trical proportion-*-. 

• The mathematu :ii eipression of theSe two modes of preBenting^ 
tbe giMHnetrical proportiqn would be ;- by tb# ^rpd^H^: tbltf the 
proportion isan. tqucdit^ o/ products.; aod by; lb« usual o^iode it is: 
a proportion is an equality of quolitnis ; this cannot escape the 
notice of any otifr reflecting upon the prtfieipl^ stated aHf thi T«ry 
crvtiet :. titet in %\\ Mthni«tlBa* patiiici{ileq nl opAraitJRHi^'tbrf T^lfiSL 
must be good, or hold tsn^ both dvrectlsand conv^cselj. The 
ugn. of quality between the two ratios forming a proportion, is 
the'refbne (he only proper sign,^and the four dots' used'bj^ many 
authoa^ ai^agiitnst princip^sj.btfcadi^ lhi6y. dil n^t <MiifS|f tlUft 
i^ ^ j|)^e^ prm^pU, ^ thidg; s^ fisc^ial v tof ;a«tua^ ,l(B/^e^e . 
Bo-^o write, foir instance, 1*2 : 3^:^: .16. •.v4 is wrifcg,' or aV least a 
pteonasthua of si^s,* leadibg^ ftito misapprtth^nsitms,' « tbhag cbx»- 
trary to principles ia exact science. 



• § 86. ![%6 ptmcipk^.n^w ded4i<5edf and prov^, 
givtes all the con9Q4iieiiccii^ Which are so useful in 
the (^plicatioii ^ proportions to priaotical cajcula- 
tion I naomlif *. that in a ^eometricail proportion^ M 
those mutations are admissMe^ which do not aUer the 
principle, that the proAmtf^ ike two extreme terms 
is eqMol to the prefd^ct \^ the two msan terms* 
*TfaiB9)e£E»re we ciin make all the changes shown 
abov69 in relation to the e&ample before:uded« 

> From 12:3 as 16:4 

lof T * 4A. <mididle ?^ 02:16 = 3:4 

1st. Trtnaposing the] ^^^^^ terms J ^.3 ^ ,^. J^ 

2d. Chairging antecedents into consequents 3:12= 4:16 

These are all evident, from the simple principle : 
that the products of two quantities are the same, 
whichever of the two be the multiplier, or multipli- 
cand; that is, because 3 times 4 isiihe same as 4 
times 3, as well ^cno wn ; or any two other numbers ; 
they all equally -present: 3 x' 16 =: 4 x 12 = 48, 

3d, Multiplying by the same number either 

both antecedents, as 2X12:3 = 2x16:4 
or both consequents, as 12 : 2 X 3 ^ 16:2X4 
or all the terms, as 2 X 12 : 2 X 3 «» 2 x 1 6: 2 x 4 

The resiiltis must evidently preserve the principle 
of equality of products of ^extremes ^nd me^ns ; be* 
cause in every case the same multiplier is contained 
in each product; forf though the first product appa^^ 
rentiy presents other numbersj, the identity of their 
result reduces them to the same ^inciple* 

4tb. Dividing ia the same manner as before wiH give 
in the same order : 

Y:3 — y:4 
i2:|«i6:f 

To which thesame reasoning a^ pfies as to the uwilti- 
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plication ; and it is proper to make tliis division in ^ 
cases, where the data of a proportion are compounded 
of numbers having common measures, in the terms 
forming the numerator and the denominator of' the 
final result. 

We can also compose and decompose the geome^ 
trical proportion by its antecedent and consequent 
terms, in such a manner as to obtain the proportion 
bet\\'een their sum or difference with the antecedents 
or consequents, or between these sums and differ- 
ences themselves, which furnishes an additional 
means of calculation for a number of practical cases. 

5th. Thuis we obtain from oar example the following 
results of mutations ; viz : ^ 

By adding tbe antecedent and consequent and compar- 
ing ihem with the antecedents : 

12 + 3 : 12 = 16 + 4: 16 
'By comparing the same with the consequents : 

12 + 3:3= 16 +4.: 4 
By comparing the differences of the antecedents and 
the consequents with the antecedents : 

12 — 3 : 12 = 16 - 4 : 16 " 
By comparing the same with the consequents : 

12 - 3:3= 16 — 4 :4 
By comparing these sums and .differences themselves : 
12 + 3 : 12 -. 3 = J6 + 4 : 16 ^ 4 

All these compound proportions have necessarily 
the property of giving equal products of the ex- 
treme and the mean terms, because they always 
contain only a different combination of the factors, 
giving equal products, exactly as in the simple 
proportions 

All the mutations under Sd, 4th and 5th, again, 
admit of course the exchange of the places of the 
extreme and the mean terms, which the original 
proportion admits. Any one of these mutations is^ 
to be applied either to disengage one of the quanti- 
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ties contained in a given proportion, or whenever it 
can lead to an abridgment of the statement ; and it 
will be found that in pi*optirtion8 apparently com- 
pound they often lead to the final solution, without 
its being necessary to have recourse to both the 
multiplication and division of the terms themselves^ 
only the one or the other of the operations remain- 
ing to be performed ; that is, the one or the other 
term is reducible by it to unity ; the future applica- 
tion will show their use by examples in given cases. 
§ 87. If we have two geometrical proportions, 
they may be multiplied together, or divided the one 
by the other, term by term, with equal correctness of 
conclusion ; for it is the same as multiplying two 
equal fractions by two other equal fractions, the pro- 
ducts of which will again be equal ; therefore, ac- 
cording to the principles first deduced, the products 
of the extreme and mean terms will again be equal. 

For example, let the two followiDg proportions be 
thus composed ; viz : 

18:6 = 12 : 4 or the fractions V = ¥ 

and 15 : 3 = 25 : 6 " '' ¥ =" V 
Multiplying the proportions term by term, or equal 
fractions by equal fractions, we obtain : 

18X15 12X26 

18X15:6x3= 12 X 25: 4X5; or- = . 

6x3 4X5 

where the product of extremes and means gives 

18X15x4x5 = 6X3x12X26 
5400 = 5400 

and by reducing the fractions, by means of their common 
measures : 15 s^ 15 

In like manner, by division, we would obtain from the 
foregoing 

18 6 12 4 18 X 3 12 X 6 






- or 



15 3 25 5 6 X 15 4 X 26 

11 
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Stvipg, by products of eitremes and neraa^ 
6 X 12 4 X 18 24 24 



3 X 26 6 X Id 25 25 
or tsfraetioiis, i = f • 

all equally leading to identical resnltd. 

Supposing, therefore, six terms in these two pro- 
portions given, in any manner, the t\^o remaining 
terms may be determined from them. And in ge- 
neral : as many proportions as are given, so many 
unknown quantities may be determined by them* 

This is is also the principle of what is called in 
arithmetic the Compound Ride of Three. It may 
be carried to any length, by further combination 
upon the same principles ; when it is carried througk 
a number of proportions, to determine only one un- 
known quantity, it is called the cliain rule. The 
application of both, and their extensive utility, will 
be shown in their proper places. 

The proportion may also be multiplied into itsdf 
term by term ; and thereby may be obtained, from 
the proportions of lineal dimensions, the proportion 
of l£e stiperftcial dimensions corresponding to them, 
or the squares. IBy the products of three such equal 
IM'oportions tertn by term, will be obtained the pro- 
portion of the solids having the same lineal dimen- 
sions for their sides, or the cubes. Thus would, 
for instance, be obtained : 

From the simple proportion 18 : 6 =s 12 : 4 
the square, 18X18 : 6X6 = 12X12 : 4X4 

or 328 : 36 = 144 : 16 

the cubes, 

18x18x18: 6X6X6 as 12x12x12:4X4X4 
•r 5904 : 216 = 1728 : 64 

^ 88. It may readily be conceived : that in geo- 
metrical proportions a continuance may take place^ 



«s Tirdl as in th^ artthmeticat ; that condition may be 
again exyi^«»ed by the equality of the two middle 
terms ; $» follows : 

36:8 K 8:4; which gives 8 X 8 » 16 X 4 

as the products of extremes and means* The middle 
term is called the geometriad mean. 

To this every property applies ' ttiat belongs to 
general proportion; it therefore admits all the 
changes heretofore shown. The product of the two 
mean terms, being compounded of two equal factorSf 
presents what is called a square number; comparing 
it by this to the rectangular surface which would 
have all its sides equal» and showing the reduction 
of a rectangular figure of two unequal sides into a 
square. 

$ 89. Such a prc^ortion may evidently b^ conti- 
nued by either increasing or decreasing numbers 
as well as an arithmetical onei producing quanti* 
ti^ hating a eommon factor* which is ealled the 
ooimmm indeoD^ or amniant f^f<^| and the progres- 
sion or series resulting from it is called a gemMhi- 
ttd progre^rianor Beni$9. In the increasing plrogres* 
tAon tiie common index Is a whole wiM>fliv and in 
tlie decreasing one It W^^ridttuliy a flractinto ; it cm^- 
respends llk<)wise, as in lfte>ati» itself t^ the quo« 
tient arising from the division «r two suocessive 
termii. ^ ' 

Tlie follo^#iiig is an example oi such a ^*ogres- 
sion or series : 

64 : 32 = 32 : 16 = 16 : 8 « 8 : 4 = 4 : 2 = « : 1 « 

This !s also usaally written omitting the signs of 
equality, lind the terms are separated by the sign of 
addition (+) instead of the sign of division ( : )» be- 
cause this notation is better ampted to the use made 
of these series in higher x^alciilations, where they 
are <rf |j«rtal ntiltt;^ ; iiwabbve aems may then be 
written thus : 
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5 = 64 + 32+ 16+8+4+2+1+I+1+I+TV+&C. 
Every subsequent number being here thehalf of the 
preceding one, the common index of the series 
is = 1 J or any one of the numbers multiplied by ft 
will produce the number immediately succeeding it. 
It is proper here to drop this subject for the pre- 
sent in order to take it up in a later part of the work, 
when we shall investigate its consequences and 
practical applications. 



CHAPTER IV. 

Ride of Three. 

$ 90. In the preceding chapter we have found : 
that geometrical proportion is the same with the 
equality of two fractions, and that the froducU qf 
tt8 extreme and mean terta^ are equal. Wepmioeeded 
in the demonstration thus : the numerator and deno- 
minator of the two equal fractions were multiplied 
«W5A by the demnnmaUtr4^ the otter, equal denon^ina- 
tors being obtained by it, the conclusion was that 
the numeratdca .ace Also- -e^ikl.^ — - 

If, instead of multiplying both factors by the de- 
nominators mutually, we multiply only one in nume- 
rator and denominator, the equality will evidently 
remain, because the value of the fraqtion 90 ^milti- 
plied does not change. Thus we obtain from the 
proportion 

12 : 3 =s= 16 : 4 or, expressed as a fraction, V = V* 
by multiplying the arst fraction, in numerator and 
denominator, by the denominator of the second^ 

1^ X 4 16 



S X 4 --._ 4 .,; . 
Md by operating equally upon the fiteond fractioiii 



12 5 X li 



8 3 K4 

In both casies the two firactions having one of the 
factors in the denominator equal, the same prin- 
c^le appKes to this equal factor, as to the equal 
denominators, according to what is known of the 
principles of fhictions ; thciy therefore compensate 
eadh other in this equality, and we obtain 

12 X 4 
by the first: m = 16 

3 

16 X S 
and by the second : 12 :^ — — . 

4 

That is : we obtain one of the terms expressed by 
the three others; and this in such a mannert that th^ 
product of either extremes or means being made# 
and this divided by the one mean or extremep the 
result gives the other mean or extreme. 

As we have seen : that die mutations allowed in 
geometrical proportion admit any one term to 
be made either extreme or either mean, under the 
corresponding mutations of the other terms, we can 
generally, by dividing my one of tiie products by 
one factor of the other, obtain a result equal to the 
other factor of that product. 

Thus we would deduce firom the above proportion 
all the following results j viz : 

12x4 16X3 12x4 J6X3 

— p,^ sss 16 ; ~^-. »: 12 ; i ■»■ » 3 ; -^^ ,., =5:4 

3 4 16 12 

This is tiie complete prindpU and mad^ qf pet* 
Jbrming, what is called, tite nUe of ikne^ froin the 
circumstance that three quantities, or numbers, ure 
used to determine a fourUi. 

If therefore any ratio between two known quan^ 

11* 
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titles is said to be the same as (or equal to) the ratio 
between one other known quantity and an unknown 
one, the above principle gives the determination of 
thb unknown quantity by the above process, adapts 
ed to the given case or question, and any of the 
mutations shown in the preceding chapter can be 
applied to it, as may be required. 

§ 91. We will now, authorised by the foregoing 
proofs, make the application of the principles of 
geometric proportion ix> the practical operations of the 
rule of three. As it will often be necessary to act 
upon the unknown quantity as if we knew it, in 
order to make such of the above demonstrated muta- 
tions as may be required, we shall here introduce 
the method so advantageously practised in universal 
arithmetic, namely, to denote the unknown quantity 
by a letter, and choose for that always one of the 
last letters of the alphabet, as x, y, &c. ; and when 
we shall have this letter alone on one side of the 
sign of equality, we have seen from what has already 
been said, that the unknown quantity is determined 
by the combinations of the known ones presented oa 
the other side of this sign of equality 5 that is, the 
number obtained by them will be the value of this 
unknown quantity ; this is but a small extension of 
the use of signs to denote the operations of arithme- 
tic, which lias been introduced in the very begin- 
ning, and found so useful in expressing distinctly 
the operations of arithmetic. 

Though it is* evidently indifferent in wliich of the 
four places of the proportion the unknown quantity 
stands, a habit prevails, of stating the proportion so 
that the unknown term occupies the fourth place ia 
the proportion 5 we shall follow it, whoever the 
combinations do not pre^nt reasons for another ar- 
rangement. ) ^ . 

Ist Example, To determiDe the brikhown quantity in 
the proportion 1 5 : 7' =» i 9 : a; 
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The product of the two meao terms divided by the 
iirst extreme will, as proved above, give the value of x, 
or the other extreme, which is the quantity sought ; thus 

7 X 19 133 13 

=a; = =8H = 8, 8666 + &c. 

16 15 16 

which, placed id common examples, as has been fully 
ahown in multiplication and division, stands thus : 

19 

7 

133 13 

= 8+ — 

16 16 

13 

^r by continuing the division into decimal fractions : 

133 

= 8,8666 + &c. 

16 
130 
100 
100 
10 
when the division continued would evidently give a con- 
tinued succession of the 6. 

Thus therefore, the fourth tcroi^ or a?, is deter- 
mined j and any other proportion, or rule of three, 
the terms of which are ever so great or complicated, 
may be solved by the same operations, performed 
tipon the respective numbers. 

2d Example. Suppose that 7 men mow 37 acres of 
meadow in a certain time ; how many acres will 27 men 
mow in the same time ? 

Here we have given : the ratio between the men em- 
ployed, to which, by the nature of the subject, the ratio 
between the acres of meadow, mowed by each number of 
men respectively, must be equal ; of this only the number 
of acres motved by the 7 men is given, and the number 
-of acres that can be mowed by 27 men is the quantity 



soQgfat, which we have agreed to designate first by « 
letter, as x. 

If therefore we make the number of men correspond- 
ing to the number of acres given, the first antecedent term 
of the geometric proportiony the second number of men 
will be the first consequent or second term of the pro- 
portion ; the antecedent of the second ratio, that is, thai 
of the number of acres mowed in each case, must be the 
37 acres ; as corresponding to the work of the number of 
men forming the antecedent in the first ratio ; the num- 
ber of acres corresponding to the number of men, whose 
work it is intended to ascertain by the operation, here 
our a;, must therefore be the consequent of the second 
ratio, or the fourth term of our proportion. This gives 
therefore the statement : 

Jtfen. Meru Acres. Acres, 
7 : 27 = 37 : a; 

And by the operation shown above, and deduced before, 

we obtain : 

Acres* Acres, 

27X37 6 

a; = = 142 -(- - = 142,714 &c. 

7 7 

where the decimal fractions are evidently carried far 
enough for any practical purpose in the case. 

1 have been thus long and detailed in this first exam- 
ple of the application of geometric proportion to the rule 
of three, to show the details of the reasoning whkh must 
guide in the statement of a practical question ; that I 
maybe allowed in future to suppose tl^m known, and 
that 1 may have to explain only the peculiarities which 
may occur in other cases, in the same manner as I here 
suppose the arithmetical operations of multiplication and 
division as sufficiently explained in the first example. 

The scholar will now observe : that in performing 
the arithmetical operations, the things or objectSt 
wbidi tlie numbers represent^ do not enter into tiie 
consideration, and that the numbers alone ai^e treated, 
as indicative of the relation of these things in regard 
to quantity^ according to our first definition of quanti' 
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ty; fop^whatwould a product of men into acres of land 
represent in nature ? But thf divisi(»n made again by 
a number rept esenting men^ may be considered as 
compensating^ in a manner similar to that of the equal 
factors in the numerator and denominator in a frac- 
tion^ which compensate each other ; and there then 
remains, we might say, the denomination of acres in 
the numerator, to give the denomination to the result. 
This is exactly analogous to what has been said 
at the beginning of this part of arithmetic j that the 
ratio only of the two things of the same kind is 
taken, as the principle that determines the ratio of 
two other things, which may be of a nature com- 
pletely different from the twa first. We shall in 
general find, in all results of calculations relating 
to objects of different kinds, that4;he denomination 
of the result is that of the kind of quantity or things 
which fqipear in it in an odd number of terms, and 
that those which appear in an even number of terms 
act as mere numbers, giving no denomination to the 
quantity of the result. This remark, which is here 
very simple, becomes of greater importance in higli- 
er calculations, and is in all cases an indispensable 
property of an accurate result. 

3d Example, My neighbour bought 372, 45 acres of 
land for ^720,5, but I can dispose of only ^215, 5 for that 
purpose ; how much land can I purchase at the same 
rate ? 

ThjB ratio of the money is here given, and the ratio of 
ibe land po^cb^sed by it must of course be the same ; 
we have therefrom tlie statement : 

J720, 5 : $215, 5 = 372, 45 acres : x acres. 

This proportion can be reduced to simpler numbers by 
dividing corresponding terms by 5, which is a common 
factor ; it is therefore proper to do it ; thus it becomes: 

144,1 : 43,1 =372,45 : x 

43, 1 X 372, 45 

Hrhich gives x =s .^i^^^^^^,.^.:^ «.. 111,422 acres, 

144,1 
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Here it is eyideotly most proper to proceed altoge&er 
by decimal fractioas, io which also the a&swer fits best. 

4tb Example. If 67 lb. 7 oz. of spices be bougiit fer 
^17, 26, what must I pay for 87 lb. 16 oz. 7 dwt. t 

Here the ratio of the spices is gi^eo, and the quantities 
contain denominate fractions ; we would have to divide 
the second by the first, which is, as shown above, a very 
inconvenient operation ; we may therefore either reduce 
the weights to the lowest denomination of the denominate 
fractions, which is the pennyweight, and then proceed as 
in whole numbers, or reduce these denominate fractions 
to decimal fractions of the pounds. We have seen above 
that the first is the most convenient, when we do not 
foresee that the denominate fractions will give short and 
determinate decimals ; we shall therefore proceed by 
this reduction ; ^us we obtain for the two first Dom- 
bers, 67 and 87 

12 12 

114 174 

677 87 

10 

691 02. 

20 1064 oz. 



20 



13820 dwt. 



21080 

7 



21087 dwt. 

by multiplytng first the petinids by 12, to reduce them to 
ounces, then adding the ounces given, then miritiplyiog 
by 20, to reduce to pennyweights, and adding the penny- 
weights given ; thus we obtain the statement : 

13820: 21087=8 17,26 :x 

Dividing by 6, to reduce : ' 

2764: 21087 ss3,46 : x 

3,46X21087 
which gives : x ca . = J26, 32 

2764 
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Id the 4eciiiud fractions resnltiog we stop at the 3t 
cents, DO miUs coming after ; further accuracy would be 
useless. 

dth Example. A sum of money being shared between 

John and James in the proportion of 9 to 4, it results 

that John has ^15 more than James; what were the 

shares of each ? and what was the whole sum shared ? 

The proportion stated from the above data stands thus : 

JohrCt. Jamet**, 
9 : 4 = X + 16 : ap 

Subtracting the <:on»equents from the antecedents, and 
comparing with the consequents, we obtain : 

9 — 4:4 = x+16 — a;:a; 
or 5 : 4 = 15 : « 

Dividing by 5, 1 : 4 == 3 : a; 
which gives a; := 12 =: Jameis' share ; 

and « + 15 s= 27 = John's share ; 

and the whole sum =? 39 has been shared. 

6th ElxampU, Tivo merchants make a joint stock ; 
they contribute in the proportion of 14 to 5; the differ- 
ence between the fiill shares is |{504 ; what was each 
individual's share, and the whole stock ? 

( Stock 2064 
which is obtained by exactly the same process as above. 

7th Example, Three merchants make a joint stock ; 
the first puts in a certain unknown part of the capital, 
the second 2000 dollars more, and the third 3000 dollars 
less, than the first ; the ratio of the shares of the second 
and third is as 9 : to 5 ; what ai'e all the individual 
shares, and the stock itself? 

If we call the share of the first, which regulates the 
whole question y or, we shall have the statement thus ; 

9 : 5 = a; + 2000 : a; - 3000 
Comparing the difference bet\veen the antecedents and 
consequents with the same consequents, we obtain : 

9^ 5:5ssxx + 2000 - « + 3000 : x - 3000 
er 4:5 = 5000 : x - 3000 
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Dividing the antecedents b> 4 ; 1 : 5 aa 1250 : x - SOOO 
whence 6 X 1250 = a: - 3000 

6250 = ar - 3000 
That is, ^6250 is the share of the third. 

The share of the first is therefore = $ 9250. 

" " second •* = 11250. 

And the whole stock = 26750. 

8th Example. A bankrupt leaves clear property 
^84421, 26 ; his creditors are as follows ; viz : 

Jones for $ 5629 

Williams 14207 

Rufus 692 

King 29768 

Eldridge 120352 

What dividend in the hundred, or proportional part, can 
be paid, (under the supposition of equal concourse,) and 
what will each creditor get for his share ? 

Here the ratio of the sum of the debts to the clear pro- 
perty will be the constant ratio, ^hich will give the rule 
for the division ; each claim forms the second antece- 
dent, or what is the same thing, the first term of the 
second ratio. Or, the fraction arising from the division 
of the property by the sum of the debts, which may be 
most easily expressed in decimals, will be a constant 
multiplier for each of the individual debts, and the shares 
ivill be the product of this fraction by the anlount of the 

84421,26 42210,63 

claim. Thus = = 0, 495 will 

170648 85274 

be a constant multiplier for each of the claims, which will 
give the shares as follows : Of Jones, $2786, 366 

Williams, 7032, 466 
Rufus, 293, 04 

King, 14735, 16 

Eldridge, 69674,24 

§ 92. In many cases in nature, and the common 
intercourse of life, the things whose ratio is com- 
pared, augment^ the one in the same ratio as the 




other dimkiishes, and inv^sel j ; as for instance^ 
the more men are about a \v0rk9 the less time it 
will require to do it; the quicker a man walks^ in 
proportion to another man, the less time he will 
require to go through a certain space ; and so in 
many other cases in nature. That is to say : the 
ratios (of these things, or the results) are inversed. 
Therefore, in all such cases, the ratio of the two 
given terms of the same kind is also to be inverted 
in the statement of the proportion, and then the ope- 
ration of the rule of three is to be "executed with 
this inverted ratio, in the same manner as above 
with the direct one; this operation is evidently 
grounded on the nature of the things, or the ques- 
tion ; as in the following examples. 

1st Example. I have a meadow, which 6 men vtsmlly 
mowed in 17 days ; but, the season being precarious, I 
wish to have it mowed in 3 days ; how many men must 
I employ ? 

'Evidently the shorter the time, the more men I must 
employ, «o the ratio of the men is the inverse of that of 
the time ; and as this latter ratio is given, I must write it 
inversely ; thus the statement becomes : 

JDai/s, Men. 

3 : 17 = 6 : a; 

or 1 : 17 = 2 : a: 

giving ar = 2 X 17 = 34 men ; 

and so many men must be employed to do in 3 days the 
work of 6 men in 17 days. 

2d Example. Two men, starting at the same time, ride 
a certain distance ; John travels at the rate of 6^ miles an 
hour, and Peter 7f an hour ; Peter arrives after 20 hours 
26 minutes ; when will John arrive ? 

The ratio of the time of arrival is evidently the inverse 
of that of the speed, or number of miles made per hour ; 
therefore the statement must also be inverted ; thus : 

MUts. H. Min, 



6X : 7| ^ 20. 20 : x 



12 
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• 

Fractions occarriDg here, they mast be reduced ; but 20 
minutes being a third of an hour, and the fraction ^ oc- 
curring in the 6r8t term, we may take advantage of it to 
shorten this operation thus : reducing the whole num- 
bers to fractions upon this consideration, we obtain : 

y : y = ^ :a: 
Multiplying by 3 19 : V = 61 : a; 

The fraction of the second term may be left unreduced; 
and the result written thus : 

31 X 61 1891 

a: = = = 24,88157 hours. 

4 X 19 76 

As 60 minutes make one hour, every tenth of an hour is 
6 minutes ; the decimals of hours are therefore reduced 
to minutes by multiplying by 6, and remarking that, the 
result of the tenths gives the units of the minutes, or the 
denominate fraction of 60 parts, or ^^, the above becomes 
thereby 24 h. 52,8492 m. The same subdivision reaching 
to the seconds, the same reduction will reduce the deci- 
mals of minutes into seconds and decimals of seconds ; 
thus : 24 h. 62 m. 53,652 s. = time of arrival of John. 

3d Example, In a besieged place the garrison consists 
of 2000 men ; in a retreat 600 throw themselves into it, 
to escape the enemy ; the provisions of the place were 
sufficient for the former garrison for 250 days ; how long 
will they last the increased number of men, at the same 
rate of daily allowance ? 

Of course the greater the number of men, the less 
time the provisions will last, and that in the inverse 
ratio of the original to the augmented garrison ; thus 
we have the statement : 

Men. Men. Days. 

2000 + 600 : 2000 = 250 : x 

or 2600 : 2000 = 260 : a; 

Dividing by 2000 : 1,3 : 1 « 250 : a; 

250 
This gives x =a — - = 192, 3 days ; 

1,3 
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that is : the provisions will leave a small remaioder after 
192 days, as we obtain only three tenths of a day over. 

4th Example, A father, leaving a property of ^76743, 
makes the regnlation in his will, that it shall be divided 
between his two sons in the inverse ratio of their ages ; 
the one is 12^ years old, the other 16 and 4 months ; 
what will be the share of each ? 

Id this question the inversion consists only in the con- 
dition of the disposition itself, namely : that the age of 
the one shall determine the share of the other mutually ; 
and the sum of the ages forms the antecedent term of 
the (comparison or) ratio, given for the proportional 
share of each in the whole amount ; we have therefore, 
expressing the months as twelfth parts of the year, the 
following statement : 

12+A+16+^ : i2+W = ^76743 : sh.of the older; 
?2+A+16+A • 16+tV ■= ^76743 : " younger; 
or, by successive reductions of each, which will be easily 
followed : 



12 + ^ + 16 + J : 12 + f == 


^76743 : 


and 12 + f + 16 + f : 16 + f = 


76743 : 


or 28 + * : 12 + f =» 


» 99 


and 28 + f ; 16 + 1 - 


• > » 


OP 'r : V = 


» 99 


and 1J8 : V = 


99 99 


lastly. 173 : 76 = 


99 99 


and 173 : 98 = 


99 91 


siTing the share ? ^ '^ ** "'^'^^ _ 
of the older ) j^^ 


^3270, 086 


98 X 76743 




" younger = — s=r 


{43432, 913 



173 

which produce again the full property within one mille, 
lost by effect of the interminate decimal fractions. 
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CHAFTER V. 

Comp&und JMe of Three. 

$ 93. From tbe prtncigle explained in ^ 87^ we 
derive, as is there stated, the Coinp^uni Ht^ of 
Three; where several proportions being given, 
which all concur in the determinattiiOn of an un- 
known quantity, the product of tbe different propor^ 
tiond term for term being made, the same princ^e, 
of the equality of tbe products of the extreme and 
meati terms, takes place, as in simple proportion^ 
and the same arithmetical process gives the means 
of determining the unknown quantity. It is neces- 
sary, of course, to pay proper attention to tbe na- 
ture of the I'atios given^ in respect to whether thej 
are direct or inverse, and to mako the statement o^ 
each accordingly. 

As the <^ration in itself has already been ex- 
plained in $ 87*, and as we shall immediately explain 
a simple and genei^l principle, by which all such 
compound influences and efifects as produce a 
compound proportion, or, what is called the com- 
pound rule of three, can be calculated with the 
greatest ease, whatever may be their complication ; 
we will here only apply it to such examples as 
have for their first ratio units of different denomina- 
tions, and form thereby what in mercantile calcula- 
tions is called the Cliain Ttale. Tiiis comprehends 
the finding of the equivalent of exchange, weight 
or measure, of two places, by means of the given 
ratios of intermediate places, when the- direct ratio 
is not known. This operation will exemplify still 
more strikingly the remark made abovey in relation 
to the compensations of the denominatk^ns in tiie 
multiplications and divisions, resulting £t*om the 
operations of the rule of tliree. 
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Example 1 . If 601b. weight at Paris, make 501b. at 
Amsterdam ; 451b at Amsterdam, 501b in New- York ; 
bow many pound of New-York make 720 lb of Paris ? 

Multiplying these proportions, term for term, we ob- 
tain the compound proportion by the products, as below : 

P. Am. 

1 : 1 = 60 : 50 

A. N.Y. 

1 : 1 = 45 : 50 

N.Y. P. 

1 l=r.ar;720 

P. A. N.Y. Am. N.Y. P. 
IXl X 1 : 1 X 1 X l=60x45Xx = 50X50x720 

50X50X720 

1 : 1 CSS a; : — — — 

60X45 
or X = 666^ 666 

by equality of products of extremes and means. 

The products of the unities of the first ratios, give the 
ratio of unity to the product of the second ratios ; the 
denominations in the first ratios are all compensated, as 
observed before, and we obtain, by dividing in the se- 
cond compound ratio by the numbers multiplying the 
a:, the proportion. 

Example 2. A merchant of Petersburg has to pay in 
Berlin 1000 ducats, which he wishes to pay in rubles by 
the way of Holland ; and he has for the data of his ope- 
ration, the following proportional values of moneys, viz. 
that 1 ruble gives 47,5 stivers ; 20 stivers make 1 florin ; 
2,5 florin make 1 rix dollar, Hollandsh ; 100 rix dollars, 
Hollandsh fetch 142 rix dollars Prussian ; and finally, 1 
ducat in Berlin is 3 rix dollars Prussian ; how many 
rubles must he pay ? This gives the following statement : 



1 rubl. 

1 St. 

1 fl. 
1 rd.h. 
1 rd.pr 
1 due. 



1 St. = 47,5 : 1 
I fl. = 1 : 20 
lrd.h.= 1 :2,5 
Ird pr= 142: 100 
1 due. = 1 ; 3 
Irubl. = X : 1000 
12* 



i 
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By the saitte process, as in the former example, is ob- 
tained : 

1000 X 3 X 100 X ^,6 X 20 

X = — ^*^-^ , ■ ■ ■ = 2223,87 rub. 

47,6 X 142 

$ 94. In the activity which nature presents to us, 
as well as in all our actions, we observe this prin- 
ciple : that the product of any cause into the time of 
its action is equal to the effect of it. Or, the product of 
any means whatsoever, into tiie time of their action, 
or the power which Acts upon them* or the conven- 
tional law of their action, produces a determined ef- 
fect ; that is, it is equal to it. Thus we have seen, that 
a capital loaned on interest renders as the product of 
the rate of interest into the time ; tliat a man's la- 
bour is the result of the product of his strength (or 
power) into the time he exercises this strength (or 
power.) In all this thei-efore, we see nothing but 
the simple multiplication of certain factors, and 
their ]iroduct ; as has been quoted in the remarks 
to $ 71 and 72. In the same manner as products in 
arithmetic may be the result of a continued multipli- 
cation, so may an effect in nature be the combined 
product of a number of causes, means, powers, or 
times ; and the effect itself may be represented by a 
combined product; as occurs, for instance, in high- 
er mechanics, where these quantities often appear 
as multiplied by themselves, or in the square, 
cube, &c. 

§ 95. If we now consider the relation of two such 
effects ; that is to say, their ratio to each other, we 
find, as we have done in simple numbers, that : the 
same ratio must take place between the produ^^ts of 
cause into time (as it will be simplest to call that by 
a general name) as that existvng between tlie effects. 
We have now fou some time made use of letters to 
denote quantities, before we knew the numbers 
which would correspond to them 5 we shall here 
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extend the advantage derived froHj it, in order to 
present this idea at one glance in its full connex- 
ions, and with the arithmetical o{)erations connected 
with it. For that purpose we shall designate the 
objects of calculation, or the quantities of them, by 
their initial letters, and call 

the cause = C^ 

tlic time =a T V for one of the objects ; 

the effect = E) 

and for the other, which is comi)ai'ed to it in the 
compound proportion, we shall call the same objects^ 
by the corresponding small letters, as : 

the cause = c 
the time = t 
the effect = e 

We then obtain, by the principles stated already 
in the remarks to § 71 : 

C X T = -E 5 and c X t = e 

and for the pr<3portion arising from this, in a man- 
ner exactly similar to what had been done in com- 
mon numbers, we obtain the statement : 

C X T: c Xt = E : e 

which corresponds, as simple products expressed 
by their factors and their results, to a statement 
similar to 

C T c t E e 

3 X 4 : r X 9- = 12 : 63 

It evidently follows from this, by the division of 
the corresponding terms of the pro^^ortion, that we 
have also : 

E e E e 

C : c = — : - and T : t ^ — : - 
T t C c 

And in numbers, also : 
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12 63 12 63 

3:7 = — : — and 4:9 = — : — . * 

4 9 3 7 

§ 96. As we have seen in the preceding applica- 
tion of geometric proportion to the rule of ihree^ 
that whatever term of the proportion be unknown, 
if the three others are given, this fourth is deter- 
mined hy the principles of the proportion 5 so in the 
present case, whatever may be the quantity unknown 
in such a compound rule of three, whether a cause, 
a time, or an effect, or a part of the one or the other 
of them, this quantity will be determined by the 
others, and obtained by the appropriate mutations 
of the proportion, or the operations of arithmetic 
resulting from it. 

By this consideration and process all the compli- 
cation, often resulting from combinations of direct 
and inverse proportions, in a compound rule of three, 
which are apt to lead young calculators into mis- 
takes, are avoided, because every quantity, in any 
way concerned, is by its nature placed as factor in 
its proper place, by the simple reflection of its act- 
ing as either cause, time, or effect. 

It may be easily seen that it will solve with ease 
questions upon combined actions of capitals during 
different times, as well in interest, as in shares of 
profit or loss, that is, in partnership, in complicated 

* The teacher who will take the trouble to speak with his scho- 
lar npon this principle, or the attentive reader, who willrompare 
it with the circumstances that surround him, will have no diffi- 
culty in explaining this simple i<lea ; its correctness and gene- 
rality will prove a great facility to the intelligent arithmetician. 
jVIy own experience has proved to me that it meets no difficulty 
with boys of about 12 or 14 years, as "cholars usually are, when 
in common schools they are thus far advanced in arithmetic, and 
that they made the statements appropriated to it very readily, and 
with peculiar satisfaction. It furniphes the best exercise of the 
raind for the appropriate application of common arithmetic. The 
examples which follow are worked out, and will, I hope, lead the 
way to its proper and easy application. 



questions upon coiobmed works, and all similar 
caises, as the following examples wMl show. 

Example 1. A capital of $6200 produces in 5 years, 
at|7 per cent. $2170, amount of interest ; what will 
a capital of $9300, at 4 per cent, produce in 9 years ? 

Here the statement is extremely simple, thus : 

C XT c xt=E:e 

6200 X 0,07 X 6 : 9300 X 0,04 x 9 = 2170 : x 

X 

This proportion may evidently be mtich reduced, Ist 
by dividing by 100, it becomes, 

62 X 0,07 X5:93X0,04X9 = 2170 : x 
Divrdingby 2, 

31 X 0,07 X 5 : 93 X 0,02 x 9 = 2170 : x 
Dividing by 70, 

^ 31 x 0,001 X 6 : 93 X 0,02 X 9 = 31 : a 
Dividing by 31, * 

0,001 X 6 : 93 X 0,02 x 9 =^ 1 : x 

93 X 0,02 X 9 16, T4 

Giving, X = ' ■ " ' ■ ■ " = =r $3348 

6 X 0,0ai 0,006 

That is, the capital of $9300, at 4 per cent, produces, in 
9 years, i)r3348 interest. 

Example 2. A capital of ^9500, at 6 per cent, inter- 
est, annually produced j[4560, in 8 years, at what rate 
of interest must a capital of ;y 12000 be lent out, which 
shall render $4800 in 6 years ? 

Statement : 
9500 X 0, 06 X 8 : 12000 x 5 X a; = 4560 : 4800 
Reducing as above, by dividing4he first by 500, and the 
second by 40 ; 

19 xO,06 X 8 : 24 x 5 x a; = 114 :' 120 
Dividing the first and third term by 6 ; 

19 X 0,01 X 8 : 24 X 5 X a; = 19 : 120 

Dividing the first and third by 19, and the second and 
fourth by 24. 

0,01 X 8 : X X 5 = 1 : 6 
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Dividing tbe secood aod fourth term by 6, and ezeenting 
the maltiplicatioo indicated in the first term, we obtain : 

0,08 : a: = 1 : 1 

Or, the rate per cent. = x m 0, 08 or 8 per cent. 

Thus the simple reductions of the proportion giTen, 
has furnished the result. It is evident, that if we had 
at the first outset of this and the preceding example, ex* 
pressed the term in which x is, by the other three, •we 
would have reached the same results by the compensa- 
tions in the numerator and denominator, and the factors 
of X with (he opposite numerator. 

Example 3. Two men, in partnership, contribute as 
follows : A puts in 7521 dollars, which be withdraws af- 
ter 5 years and a half B puts in 9772 dollars, which act 
in the company during 6 years, before which time the ac- 
counts cannot be settled, it is required jto determine the 
share of each in the general result of all the operationS| 
(which are taken together,) amounting to a net profit of 
15472 dollars ? 

The sum of the products of the stocks into the times 
of their acting, are here to be compared to each single 
product of stock into the time of its acting, as cause 
and time ; the whole benefit evidently represents the 
effect, corresponding to the whole stock, and its time of 
action. 

Thus we obtain the two following statemens : 

7521X5,5+9772X6:7521X5,5 = 15472 : share of A 
7521 X5,5+9772x6 : 9772x6 = 15472 : share of B 
Or 99997,5 : 41365,5 = 15472 : share of A 
And 99997,5 : 58632,0 = 16472 : share of B 

Here we evidently obtain, as in the case of a bank- 
rupt, treated in a former example, a constant fraction 
from the third term divided by the first, with which the 
second, or the product of the stock into the time of each 
partner is to be multiplied, to obtain his share in the pro- 
fit ; or we have : 

15472 

The share of A = X 41865,5 « 

99997,5 
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16472 

The share of B = x 68632 = 

99997,6 

Example 4. If 9 men working 6 days, at the rate of 
8 hours per day, can build a wall of 162 feet long, and 9,6 
feet high, how many days mast 16 men work, at the 
rate of 10 hours each day to build a wall, 296 feet long, 
and 17,6 feet high ? 

Elxample 6. If 180 men, working 6 days, each day 10 
hours, can dig a trench of 200 yards long, by 3 yards 
wide, and 2 yards deep, how many days will 100 men 
take to dig a trench of 360 yards long, 4 wide, and 3 
deep, by working 8 hours in a day ? 

This giFes the following statement, in which the effect 
is a compound product, because the trench has the three 
dimensions of length, breadth, and depth. The reduc- 
tions which it admits, will here be made without men- 
tioning them, under the supposition that the preceding 
examples have shown the principle of them ; y being 
taken for the unknown days. 

180 X 10X6 : 100 X 8X y =200x3X2 : 360x 4x3 
18 6: X8 X y = 10 : 36 
9 X 3 : 2 X y = 1 : 3,6 
27 : y = 1 : 1,8 

y = 27 X 1,8 = 48,6 days. 

Example 6. A hare is 60 leaps before a greyhound, 
and he takes 4 leaps while the greyhound takes 3 ; but 
2 greyhound's leaps are equal to 3 hare's leaps ; how 
many leaps must the greyhound make to overtake the 
hare ? 

This, as it appears a standing question in all books on 
arithmetic, is well adapted for an example in this case. 

The proportion of the leaps as given, are : 

In time ; hare's leap : hound's leap =: 4 : 3 
In length ; " : " =2:3 

The compound ratio of them, or the product of cause 
into time, which determines the effect, is therefore : 

hare : hound = 8:9 
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If we call the distance the bound has to run = x, in 
hare's leaps, (as the determined ^stance is g^ven in this 
kind of quantity,) the hare'« run in the same time will be 
X — 50 in the time they both run ; these two circum- 
stances of the data give the following stateipent. 

X : X ^ 60= 9 : B 

By comparing the antecedent with the difference be- 
tween antecedent and consequent, w-e obtain : 

rr : 60 = 9 : 1 
a? = 9 X 60 = 450 hare's 

As the hare's leaps are | of the hound's, this distance 
will require 300 hound's leaps ; so many therefore, he 
will have to make to overtake the hare. 



CHAPTER VI. 

General Application of Geometric Proportion. 

§ 97. When two or more proportions are given, 
two unknown quantities may be determined by 
means of the mutations of these proportions ; and 
the determination of the one by the other, appropri- 
ating the choice of the operations to the given case^ 
in such a manner that, by whatever operation the 
quantity sought is involved with other given quanti- 
ties, these become disengaged by |)erforming the con- 
trary operation ; this is grounded upon the principle 
of arithmetic stated in the beginning, that each ope- 
ration (or rule of arithmetic) has its opposite opera- 
tion ; and this is the principle used in all the reduc- 
tions that have been made in the proportions in the 
preceding sections, to obtain, or render easy the ob- 
taining of, the results. 

1st Example. Two numbers are in the ratio of 2 : 3 ; 
when each is augmented by 4, they are in the ratio of 
5:7: what are these numbers ? 



* Dcootio^:^ one !^ «,^^ other by y, we liaye the 
first statement : 

And as the foarth term is eqqal to the product ot the 
two mean terms difided bjr the first, we have siso: 

2 :3 as x ; 

3X«, 
that is, ^ 5= -— ^' f 

The second proportion, hj nising^ this result, will be 
slated thus : ' * , ' 1 

. • „ ^X* 

6:7„=s« + 4: + 4 

2 

Jtf ultipljf jng the second rajtio by 2: . ^ . 

5 : 7 — £x + 8: 3 X^ + 8 

By subtracting ai^tecedents fr^m consequents : 

6 2 2 — 2 a? + 8 : aJ 

Subtracting consequeikt? froto-af^tecedents twice : 

3: 2 «: »-+ 8: « ^ 
1 : 2 s= g : 09 : 

whereby « = 2 x 8 = 16 

And y by the filrst proportion, placing the value of x, 
jUst found, in its place : ' 

2:3 ~ 16 :y 
or ^ I : 3 = 8 :y 

whencjB . j^ = 3.X8 z^ 24 

2d Example. A father being asked how many sons and 
daughters he had, answered, " If I had two more of each, 
I should have thr^ sons to two daughters, and if I had 
two less'of eiich, I should have two sons to one daugh- 
ter ;** how many sons, s^d how many daughters, had he ? 

* This evidently fumisheur two proportions, one stated by 
the sums of the numbers sought and 2, and the other 

13 
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by the dUTerence between ike oitidibert m^aght ^md S 
in the other, as follows : 

Calling the number of the sons ^ x ; 

That of the daaghters ==^ y : . 

X + 2 : y+ 2 =; 3.: 2 
:r— 2:y-.2 = 2:l 

From these proportions are obtained, by steps ground- 
ed upon the principles of proportion, demonstrated in 
§ 86, the following successive results : 

From X +.2 :.jf -f 2 = 3 : 2 

«+2:« + 2 — y-.2=:3: 1 

* + 2 ;,|r -y « 3 : 1 . ^ . 
In like manner, from 

t.^ 2 : jf — 2 =x 2 : 1 

« — 2 c * — "2^ -i-y +2^=^ 2 : I 

« — 2:« — y = 2:l 

Dividing these two re^ultd te^m t>y ternf, ieis by § 86 : 

^ :'| ==s -'Hi- V 

or « + 2 z «-.2 i= 3 : 2 ; 

From this « + 2 + a? -. 2 : a?+.2 -. ar + 2 =: 6 : I 
or 2 a: : 4 ■* 6^ : 1 . 

and a? : 2 = 6 : I 

ar = 2 ^ 6 = 10 the number, of ^ons. 

Though this determines the number of daugliterp, if 
we place this value in either one of theBrst proportions, 
and then determine the y, as in the foregoing example ; 
still it is evident that both x, and ij, are dependent upoh 
the data in exactly the same riianner ; I will therefore 
a)so determine y by a; stmill^r appropriate process, as 
it will be a good exampl^e; to show the piinciples of this 
use of prqpprtions in d^termioipg iquaotities in general. 

We made the first t.erm^ containing x^ our Ending 
terjn; we shall have iww. to n^siikj^ the s^ond terip> 
contaiwi^ . y^ the standi?^ t^rfu pf the operation. Thus 
we have from the first proporti^op : 



«^-h2 — y — 2:y + .2 =1:2 
or « — j^ : y -f 2 = 1 : 2 

And from the secood proportion : 

*--2-y + 2 ;y-? = 1 ^ I 

Dividing these two:proporttoDS^.ter8i by term, as !^e- 
fore, we Sbtaio : 

1 : ■ ■ . t =s 1 :{— 
or y-r2 ;y+ 2 =,i| ; ^ .. ^ 

By iiittil and difljereiioe : . 

y + 2 + y-2:y + 2-y + 2 « 3: 1 
dr . .2f ;4 p=? 3 : 1 

y:;«V« 3^ I -. 
^?ing' ^'3= 2 >c 8 =**= 'd' fer the Dumber of daughters. 

, 3d 'Bxflmplt. I afiked.myv two neighl^o^ni^, Jolio and 
Peter, liow many head ofcattle each had ; reter, thiqkii^ 
to pozzle me, sayi|, '' Oarxattl^^^taken tofi^ther, ^r^ to 
what John has more th^n I, in the ratio of 3 to 2 ; imd 
if WQ inqltiply the two nqqibers af our cattle together, 
that prodqct will bf. to a^ par cattle in the ratio of 9 to 
3. I findl^ow mpcb.eajp^ of ^em has ip thf fi)llpwip| 
wayi * ' " 

Calling John's cattte =i^ ar '^ 

and Peter's cattte « y : 

the first proportion gifcfn famishes me the statement 

and the second, 

ar -[» y : X . y ^ 3 : 5 

B^ addition and subtraction oif the first proportion is 
obtamed: 



.1 



» + y + « — y'.^+y — a? + y ^ ^- ^ 



or . 


,2x :'Sy'aiV']5 : 1 




' 0? : y ^ij 6 : 1 


thence 


» + y : IfT =L ^ ; 1 


and 


ap4.<y- » s^!6 : 6 
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DiTidiDg the secood proportion given bj either of 
these, term for term, I get : 

X + y X . y $ 1 

x + y y 6 2 

x + y x.y * 1 

nod — ' : — sstf -^ s 1 s= — . • 5 ^ 

« + y a? 6 2 

tha^is, 1 : « = a : 30 =? 1 : 10 

end 1 : y r±: 1 : g 

gi?iog ai = 10; y = 2 

So I find John hsfi IQhead of cattle, and Peter appears 
to be richer in puzzles than in cettle^ I'l^hieli hn^^did not 
like to tell me. 4- l _- 

4th Example. A,«B, and €, m a joint speculation, 
gain, and give only the folbwing account of the quantity 
each gained : the prodiK^t <of tbe^^n of A iota that oif 
3 is equal to J 1200, that of A into th^t of C = 018OO, 
ktid that of Jf intdC =±^2400; wh^twas tfcle gain of 
■•ach? ' ' ' / '^ 

. This etaiiiple witl shbir, 'that an equalU}f 6^ ^roiuiu 
^ is gi?^ti here expri^Mk gebmetrie "ptoponton etpMly 
at wJlai aii equdltiy cffriiiitibnt or ftUioy ; for hj tfa^ d^ 
con^posittdn of th^se prodiii&ty futo the e±€]*^ai«t^ilid'bie^ 
terms of a proportion, We^bbreu'n thethtei^'protkyrnona : 

x:40 =r ?0 i^ , . 

x: 60 =t 30 : Jf • 
ys40ia9B^;jr 

Dividii^ the first hf ^ secep^r term by term, ire 
obtain: 

, a:j;40 ^ 30 y 

X eo' ''''36.' k ''■';, ■ 

or 60 : 40 », jr : y 

Dividing this proporlio»: bgr. the .third, term for lemii.: 

60 40= : 't y 



y A^ ; W «f 
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60 ly = z Xz : eOy 
60 : z = « : 60 
2r = 60 

Dividing the first linjl tliii^,:^rtn% term : 

a? 40 30 y 

/ . ..^ 4ft 60 ;? 

X : y SB so 2r : 60 y 

X : 1 =S^r : 2 ^ 

Mdltiplyiog this by ijtk^6BCfi$h4^ t(arin for term : 
a: X a: : 60 = 30 X ^r : 2 ar 
a: : SO == SO'i x 

, « = 30 

Dividieg the secottd by thd third, term for term : 

X 60[ 30 z 

i ■• * -' .y^•40 :: ;i6Q''!« *• 
' '40'x :6by'^ 30 : 60 ^ 

■='• ' ' ■' .; X :y ^ S :4 " ' ' 

. PtYidiRg tbis ky thf first, t^tm for term : 

''.' : ►: ; : ; « .y • f J 4 >, , 

I ' X. 40. , JO , y 

40 : y- ss y : 40 
y = 40 

: ^his etp'mple, expressly qhosen for its simpliciCj, may 
suffice to exptain the pribciple. 
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PART IV. 



l^XTKNSION OF ARITHMSTIG 1?0SI6H£R BRAHCHES 
▲NO OTHER PRACl'ICAIi APBXICATIOITS. 



•CBAPTBR L 

Of Square mi Cube Boots. 

$ 98. When in a multiplication the t^o factors 
are equal, the prodttci^ in called ^ square^ becaase 
it corresponds to what would be produced in nature 
by laying off the quantity which these numbers rcprc- 
sent, in any unit of lin<»al measure^ in two directions 
perpendicular to each o^^r; and completing the 
figure by two equ^l.lines^ 4rawn perpendicular nt 
^ ^ the end of t)ieae ; lis, for instance, takine 

4 feet and laying them off ujion AB, and 
also upon .^C^ and then drawing JBD^ and 
CD, at equal distances, again perpendi- 
J cular to AB, and GB; ABCD will be a 
square, r^plresenting ' the square of A, 
K F that is, 4 ix*4^=»,l6.: 

The prodiicix)f any two numbers may 
h© represented in the same way, by two 
' lines perpendicular to ib^cb other, divided 
into equal parts, and completing the i'eC' 
tangular figure, having its opposite sides 
equal; as here the figure EFQH. 
^ ° So we may, when we have such a sur- 
face, or product, given, and one of the sides, find 
the other side by division, as is evident from the 
second figure. But when the figure is a square, as 



r 



in the £rG|t Cjas^^ we can fin4 tfi^ two equal sides of 
it by a peculiar process^ which is called the exirao 
iienqf, thfi sqmre root; the principle of which it is 
BOli^ intended tQ explain. 

Foi: this purpose it is necessary, to investigate 
what a product is composed of, hj decomposing 
each £^tor into two parts, not unlike the method 
yfe have used to show the propriety of the principle 
of carrying if| n^ultipUciition; nsimely, we diyide 
the number into two parts 5 thus, for instance, we 
would write 14 as 10 + 4; or merely consider it 
as so composed, and by multiplying the number 
into its^t under that form, keeping each individual 
jresult separate, yte shall obtain the. fqllowing pro- 
cess and result^ : 

- : 14 

. 14 

***** > 

4X4 
4 X 10 
10 X 10 + 4 X 10 



10X10 + 2X4X10 + 4X4 
, 100+80+16 = 19ft : 

lliajt is, we obtain by the product of the units 
4X4 = 16 ; by the product of the unit of the mul- 
tinner into the teiis of the multiplicand, 4X10 = 40, 
and the same ag^in by tbe product of the tens of 
the multiplier into the uhits of the multiplicand'^ 
then lastly, by tlie product of the tens, 10 x 10 

This gives, by the addition, three distinct pro- 
ducts, viz: ' 

' 1st. The scpnkre of t^e first part, that is, tiie 
pi^odua of the firstpkrt into itsel£» liere 10 X 10* 

. :fid. Twaoe the psodnct of the two parts into each 
oAeiv !ber« twi^.4 X la, or s x 4 x 10. 



isd. The feqUare of the fest ]^rt, ^r the tiiiitsi 
iiere =!^ 4'y'4.''- - ■■-..-■--■-••-' 

tn ittiafcing the rtivision of the number acbdrdiitg 
to our decimal system of numei^tion, they ^ttow 
tte isame iorder. in magnitude ^ hira*e statiefd. We 
Bnd itldo by the inspection of tMs result, as we know 
bfisides by the iht/ltipll6ation tables that the j^odact 
of *tht^ Uiiit^ can iiiSuence two places of figures, 
n^i^fiely^ unit^ and tens, and cannot 'ir^Uente the 
tMrd f the i^ame is the fcase tvith'arty of the subse- 
quent numbers', eaCh inflncncing oiily ttic rank 
tvhlch it occupies, ahd the next higher rank j this 
/gives the principlfe, by which wenmy know in any 
^tiihber, of how ttiahy Wttntbers thfe squai^ root wlM 
be composed, namely : by dividing it int6 ad tJtiMy 
pairs of figures, from the right hand side toward 
the left, as it will admit ; the number of these divi- 
sions, will be the number of figures of the square 
root. : . 

As the extraction, qf the square root of a number 
will again be the opposite of the eljevation to the 
square, the abov« operation miist be executed in an 
inverted o^der tp erti-act the square root, as in di- 
vision the inverse order of the multiplication has 
been followed, , ^ - z . 
[ /fhp operation of raising to^ power is alSo called^ 
JT^vpZu^ion, and tlic extracting o/ the root,. Evqlutim. 
• In yrder t9 denote iq an, abridged manner the 
inultiple of a{ nuiuter by itself, the idea will reaidily 
^pccur, to write flie number, only once, and to indi- 
cate the iiumber of factors Intended, by placing a 
j^aU numbcrat tlie top and to jl^e right hand of the 
number, corresponding with this linmber of factors ; 
•aiid.lO"! =i;iax 10 j ap^ =*t 1,0 X ip ^ 10 J andso for 
anybt^r* ToindScatetheeasti^tioncif tb&roottlie 
^^6^ V> oi" a^'B^^hded r, is written before theinum- 
ber,- as ^l§6, denotes the ^iia<«6i^ot?'<tf l-Wi if 
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other roots are to be extracted^ the number corres- 
ponding to the degree of the root is written in the 

-Ji sts\}; ^; and so on; but a much better method 
isy to continue the same manner of notation as in 
raising numbers to their pow^^^ expressing the 
rti^isr in their corresponding iractions, so that 
V 196 = (196)* f J 196 =s= (I96)i; and so on in 

higher degrees. 

% 99. In Evolution the first step will therefore 
be> a^ in divistoti^ to find that number whicb^ mul- 
tiplied into Itself, will give the product nearest be** 
low the most left hand number; this square being 
subtracted, the remainder must furnish the two 
other products ; as the second of these is the larger, 
if ;We multiply the number found bef<^ byS, and 
divide the remainder by it. w'e ^^U haTe a number 
as quotient, near the second, or next following nnm- 
ber; ^ith. w^^ we^all theip b»e to ^^ute the 
two products, inchcated by fho mo^e result of fiich 
a multiplication. 

1st Esxample. Let the abpire number be cbosen to es- 
tract the sqo^eroot; to explain ft^ direct iuTcraion of 
the opeYafioa, 01^ to execdte ^'^ ' 

96 » 10 -I- 4 = 14 
00 



First square 10 X to "F | 



J^emaindcir ^^s 9i6 ; ^ 
rbivisor « X'ltJ — ' ^) in 96 j 4 tubes 



The nuinber dIvMiMl ^off 1^ 2 firom the right hand 
thdWB thittbe ifso^ikBSitvrciiplims offigves;. soUhe fifst 
willfboin the teM^' and the number in the s^Mond divs^i^b 
W«« l* ft^^fsquare ropt ©fuWhich tf :fl^ >, ^tbe.fi^st 
square wUl be 10 X 10 «= 100 ; the toot 10 being writ- 



it, gires the frpduct. to be sabtracted ; aod the remainder 
18 .to be treated $b before. 

Exactly in the same manner the following example 
girea ^^; it is here placed without any further indica- 
tiotti in order to give room for study. 



5/2 



] 



=s J, 41421356 + &C. 



00 
. 96 

4loa 

2|81 

-1 19 
1 12 



6 
5 



00 

96 

04 
65 

38 
28 

10 

8 



00 
64 

36 00 
28141 



07 
48 



1 59 
1 41 



59 
52 



00 
69 



17 



06 31 



42 



64 



WO 



ia2$ 



17 
&c. 



75 



00 



^ 99. From the preceding we have only a short and 
easy step to jnake^ by means of reflections grounded 
upon the principles just used to explain the extrac* 
tion of square roots^ in order to determine thaprin« 
ciples ypo^ whict)L, a quadratic equatmi is solved ^ 
tliat is^ to furnish the means to determine an im- 
known quantity, which, in a combination with o%- 
i^rsy would be multiplied into itself, or M^hat, as we 
have^ stated abore^ is said to be squarj^ T<^mako 
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tiwexpUnationnorenBipIet we may use two means, 
wUcb taken in conjunction will, I hope, leave to the 
ott^itive student of this book no difficulty. 

I wish to introduce this hwe, although unasual^ 
because ittt absence would leave us in the subsequent 
parts, when we shall treat of progressions, without 
the meiuis td finding, or satisfactorilf cxplainiug, 
the solution of certain questions arising from them j 
for I have proposed to rDyself, never to lead the 
student blindfold over any step; while at the same 
4;ime I wish to give him all the means of calcu- 
lation in arithmetic, that he may desire, in a man- 
ner satisfactory to a reflecting mind. 

We have before decomposed the number, of which 
we wished to show the different products forming 
the square, into two parts, and have there shown, 
that the square number resulting was composed of 
the sum of the squares of the two parts, and twice 
the product of tiie two factors into each other; 
we there decomposed the 14 into 10 and 4; we 
chqsB this division on account of its direct appli- 
cation to the extraction of the square root of a 
number wrilten in our usual decimid system, bat 
any division will do the same thing. 

If in the annexed fi- ^ t D 

gure, of 14 subdivisions 
on each side, we di- 
vide the sides into 9 and S 
partis, the result will be 
exactly the same ; we shall 
have tlie square .99a9 =- 
9X9= 81; the product of 
SX9 twice, on each side of 
this square, in 9akB, and I 
9acC, and the small square 
abDc = 5X5, which toge- ^ 
tiier will fill up the lai^ 

square ABDCj and summing up these products^ 
14 
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ObtiiiKd hy fltennHiplic&tion aa above, we t^ coarse 

{81 'I emcUy as by the othei diH- 
90 fiion. Id tike manner any other 
59 > divMoQ would give the same 
sam. 
196 J As, therefbre, a square number 
can be decomposed in any two parts, so as to obtain 
from it two smaller squares, and twice ttie prodact 
of the two parts into each other, we are altowei] to 
consider any square number to be tbus composed. 

We have sent in the very beginning, that in 
arithmetic we have always two operations, exactly 
opposite to each other, the one always compen- 
sating the efibct of tlie otbw. We have seen 
in ti«ating t^ pri^ortions, that, when the same 
operation was executed on both sides of the sign of 
equality, the results were :^ain «qual, and therefore 
the principle of equality still -sobsisted ; or, what 
is the same, that equal operations performed upon 
equtd quantities do not destroy the equidity; by 
this means we were enabled to (obtain solutions of 
qnentions, or, what is the same) determine unknown 
quantities, variously involved by other known ones. 
; If now, in ^plication of these principles, we con- 
■ider an unknown quantity in any manner involved, 
wfaich appears in any one or mor^ of the parts^ 
multiplied into itself, tiiat is, in the square, and in 
other parts simple, we are, by the principle last 
shown, authorised and enabled t» separate tiie 
square from all other numbers, or qnantitiesj and 
we can consider it thus insalated, according to tiie 
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Hon, hy indicatiBS that it is eqoal to the result ^£ 
the combination represented by the known quanti- 
ties on the other side of the sign of equality. Then 
the terms multiplied by the unknown quantity wust 
be considered as representing twice the product of 
the first term into the second, or, in that case, of 
the unknown quantity into the known ones. The 
half of this factor being squared will represent 
the smaller square ; (or in general the other squax^e 
needed to complete thS^entire square;) by the addi» 
tion of this square on both sides of the equality, a 
square number is obtained^ of which the square root 
can be extracted by the rules given, ^ or, what is in 
this case equivalent, which can be expressed by tiie 
given numbers. The quantity sought for is there- 
fore known from it. 

Example, Suppose we had given, by the result of a 
calculation, a combination of quantities which have the 
following form : 

480 = 3 xa + 36 X 
160 = x« + 12x 
196i = x« -I- 12X-I-36 
v/ 196 = x + 6 

14- 6 = 8 ==x 
having the x in the S(|uare multiplied by 3 ; this must 
first be disengaged,^ by dividing both sides by 3 ; this gives 
the second line ; then the 12, multiplying the simple x, 
represents the product of 2 into the second part of the 
subdivision of the whole square ; therefore its half, or 
6, is the side of this second square, when x is the side 
of the other, because the 12x, or 2X6Xx, must re- 
present the double product of the two parts, like' 
9 abB + 9acC If^ thete^e, we square the 6, and add 
it to both sides, by which the equality is not changed, we 
shall have on the right hand side a fuH square, in which 
the X is the side of one of the lesaer squares, and the 
other is known ; thus the third line above ift obtained ; 
the two parti| into which the square appears dividedi^ 
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are therefore z and 6, which will together be equal la 
the sqaarc root of 196 ; this gives the fourth lioe Ex- 
tractiDg the square root of 196, gives 14, and if the 
6 is subtracted oo both sides, gives the value of x at io^ 
the last line, for the final result. 

The operations needed in consequence of the above 
principles are therefore the following. 

1 • Write the given qtiantities in such an orders, 
that the parts containing the unknown quantity stand 
aU on one side (^ the sign of equality, and those hav- 
ing none but known quantities on the other side. 

£• Arrange it so : that the square of the unknown 
quantity multiplies at once all the quantities which it 
has to multiply, and do the same with the quuntities 
that midtiply the unknown q'liantity simply. 

3. Disengage the sqv>are of the unknown quantity 
of aU its multipliers, either whole or fractional, by 
(Uviding every term of the equation by them. 

4 . Make the square of the half of the factors which 
mtdtiply the unknown quantity in the simple form,, 
and add this square to both sides. 

5. Extract the square root of that side of the egua- 
tion which has no unknown quafitity, and write an 
the side of the unknown quantity the root of this un- 
known quantity and of the square aided. 

6. Subtract the part added to the side of the un-- 
known quantity from the square root of the determin- 
ed number of the other side. 

7. The result will be the value of the unknown 
quantity sought. 

These general principles will include all cases, 
that may occur. 

$ 100. For the cube, or the product of three equal 
fkctors^ which corresponds in natui*e to the solid^ 
we have to multiply the product, which has beeiv 
obtained for the square, mice more by the first quan- 
tity; in order to show what different parts it is 
composed of^ the aboTe mode of separating the fae^ 
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tors ia to be preaervecU because it will sbow bow the 
products are to be made m the extraction of the 
cube root* For this purpose the same example^ 
which has served before, will again be made use of. 
We have obtained in ^ 96, by 14 x 14, or 14^^ 
the result 

lOX lO+Sx 10X4+4X4 which being multiplied 
by 10x4 gives 

I " — — ^ 

10X10x10+2X10x4x10+4X4x10 

+ 4X10x10 +2X4X4X10+4X4X^4 

lOX 10 X10+3X10X 10 >^ 4+5x10X4X4 + 4X4x4 
= 10»+3xl0 X4 + 3X10x4«+43 =2744=143 

It will be observed, that this product is composed 
of the cube of 10; three times tiie square of 10 
into 4; three times the product of 10 into the 
square of 4 ; and the cube i^ 4. Or, generally, the 
cube of the first part, and three times the product 
of the square of the first part into the second ; then 
three times the product of the first into the square 
of the second part ; and lastly, the cube of the second 

part. 

These products are therefiNne to be formed out of 
the parts at a cube the root of which it is intended to 
extract 

It will again be observed here, that, with refer- 
ence to the subdivision of the ciAe in the order of 
our decimal system, the second term will be the 
largest after the first, . as it contains the doublie 
. square of the first, as the largest factor which may 
occur after the cube of the first; it forms therefore 
the leading part, or factor, to find the second part, 
as in the extraction of the square root. 

It will also appear, that, as we had to divide 
off the number into pairs of figures in the square, 
Jbere it will be necessary to diride off the number 
14* 
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every three figures, from the right hand side towards 
tiie leftf because the product of a number of twa 
ilgures into one of one figure may give three figures 
in the result. 

With these results, and the principles which arise 
from them, for the converse operation, that is, the 
extraction of the cube root, we shall be ^.ble to exe- 
cute this operation properly. 

lit Example. The above resaltiug number, 2744, being 
gqren» to extract the cube root, which is indicated thus : 



^ 



First cubic root taking off P 1 

.Remainder 1 



Divisor = 3x10X10 = 



First term « 300x4 

Second term =a3X10X4X4 
Third term « 4X4x4 



= 1 



Sum of the three terms = 1 



744 



24 



744 



300 quots4 



200) 

480) 

64) 



744 



000 



Subtracted from the remainder es 

The only namber which cubed will not exceed 2 is t ; 
taking away this cube gives the remainder 1 744 ; forming 
the triple product of the 103= 300 ; this in common di- 
vision would go 5 times in 1744 ; but there must here 
be room for the subtraction of the products indicated 
above, and it will be found that only 4 will admit that f 
thereby we form the 3 terms placed under, as indicated ; 
the suin of which is equal to the former remainder, and 
subtracted leaves 0, giving 14 the exact cube root of 
2744. 

2d Example. Extract the cube root of 994011992, or 
execute 



9008 == 

First rematoder 

Biyisor = 3x900« = 

3X900* X90 = 

3x900X90* = 

90»« 

Sum of factors a 
Secood remainder ■» 

Divisors: 3 X(990)a = 

3x990»X8 = 
3X990X8* = 

Sum of factors = 
Third remainder = 



1 H99« => 900+90+8 » 998 
1 000 

992 



•.994 



729 



01 111 

ooa< 



2651011 
2 



430 000 quotient ==" 90 



218 
21 

241 
23 

23 



23 
00 



299 



700000) 
870 000 > 
729000) 



712 



940 



000 
992 
300 



622 



712 



quotient =s 8 



400) 



190080) 
512> 



00 



992 



00 



This gives a root of three places of figures, as indicated 
by the partition. The nearest cube root of the first 
division of the numbers on the left being 9, which in 
the third place is equivalent to 900^ the cube being 
made and subtracted, leaves the first remainder ; the 
triple product of the square ef it, taken as a divisor, 
shows 90 as quotient, for the root. The products are now 
formed as indicated ; their sum being subtracted from the 
first remainder, leaves the second remainder, upon 
which the same process takes place as before, taking the 
whole of the root found as the first term ; and the sum of 
the products being equal to the last remainder, the 
number given pro (res an exact cube of the number ob- 
tained as root. 

Sd Example. If the number is no exact cube, we may 
extract the approximate root in decimal fractions, as well 
as in the square root ; the number of O's to be added 
each time must of course be three, and the products are 
formed as required in the former example ; the pro- 
cess will go on, in other respects, as has been seen in the 
square root. To make this strikingly apparenti we will 
he^e execute ^2; thus: , 



rw 
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^^1 

13 = J 

Remainder = 
Dififlor 3X10« « 

3X10«x2 = 
3xl0x2« = 

Sum of factors = 

. First remainder a« 

DivUor 3X120« = 

3X1203X5 =5 

3xl20X6« 3= 

6« = 

Sum of factors = 

Second remainder = 

Divisor 3X125» = 

3xl260«x9 » 
3X1250X9' = 

Sum of feetors =s 

Third remainder = 

Divisor 3 X12690a « 

3 X 12690a X 9 = 
3 X 12690 x9a = 

93 = 

Sum of &ctor8 cb 

Fourth remainder = 




1,2599 + &c. 



27a000 adding three O^s 
43I20O 

JTeooo) 
000) 

125) 

l226lT2i 
46B75 



42 



687 



187 
303 



42491 



4383021 



475 



624 



279 
3 



718 
069 



000 adding three O's 

600 

600) 
750) 
729 ^ 

979 

000 adding 3 O's 
300 

700) 
370 > 
729) 

799 

r00l242l2Ol 

Adding 3 O's, it virould be continued as before. 

The place of the decimal mark is evidently again de- 
termined by the usual principle, namely : where it be- 
comes necessary to add O^s to continue the opera- 
tion. 

§ 101. We here see again, that the principles de- 
duced may lead to the solution of equations of the 
third degree^ as this is called in high^ caiculati<ms^ 



282 



778 
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or to determine a quantity which appears as fornix 
ed of three equal factors multiplied into each otiber ; 
but it is not the province of arithmetic to go into this 
inquiry ; because it requires operations, and pro- 
duces cases^ which are reserv^ to be solved only 
in universal arithmetic, or algebra. 

It is evidentiy possible to produce the involutions 
of higher degrees in the same manner that has here 
been shown for the square and the cube ; but the 
evolution presents increasing difficulties as we pro- 
ceed, the possible combinations of different factors 
to the same ultimate result being evidently always 
more numerous^ and therefore, also, the possible 
roots. Even in algebra there isnot yet a general 
method found to solve such questions, and it steps 
entirely out of the limits of arithmetic to treat any 
thing relating to this subject. 



CHAPTER II. 

Of Progressions or Series. 

$ 102. In mentioning ($ 84 and 89) continued 
proportions, and the progressions or series which 
i"esult from their continuance, we referred to a 
future extension of the subject to the progressions 
or series^ which are intended as the subject of the 
present chapter. 

According as tiie continued proportion is either 
an arithmetical or a geometrical proportion, we ob- 
tain by its extension to a greater number of qanti- 
ties : either an arithmetical or a geometrical progres- 
sion, or series $ each of which has peculiar laws ^ we 
shaU here begin with the first. 

§ 103. A series of numbers which progresses in- 
creasingp or decreasing^ by the same constant differ-' 
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enctf fonuB a ceniiBaed aritbniolical prapevfim^or 
an mrUhmetkal series. 

This pmeiple is therefore the element of all in* 
Testation in relation to the properties of this kmdof 
series; according to it we shall be able to write all 
the terms successivdy, and therefore obtain the law 
of the mutual dependance of all the quantities con- 
cerned in it ; sueli a series (which we will call equal 
to SJ will, for instance, be the following : 

S«!^H*+3H-(«+2 X3)-H(a+3 X3)-|-(2-HX3)-f (2-f»X3)+&c. 

In the writing of these series the terms are joined 
by the sign +> which may equally serve to express 
the arithmetic proportion, as I stated at first, and 
the constant equality of tlie difference will become 
equally apparent by the subtraction of each term 
from its immediately subsequent term^ which gives 
here the constant difference, 3. 

Considering the successive dependance of these 
terms upon each other, and comparing their value 
in relation to their distanee from the first term^ we 
observe that the constant difference makes its first 
appearance in the second term, and being afterwards 
found added in each subsequent term, it will in 
any term whatever be one less than the number 
of terms indicates, whether the series be inci*easing 
or decreasing. Thus we find it here in the sixth 
term added five times to the first term. This 
gives us the principle by which to determine any 
term, when the first term and the constant difference 
arc given. 

It will be of the greatest advantage in the exten- 
sion of arithmetic in this state of foi wardness, 
to apply tlie use Of letters to denote certain quan- 
tities, untU tliey are determined, that we may ex- 
press our ideas clearly, fully, and briefly, by 
applying to them the signs of arithmetic which 
hare been taughtin the beginning. We will th^t< 



>MOMrP.<tTOire OB BBKISf. IST 

'ttre geii^*a}l3r dtftiote/ttieqilltnttties.CQncanied iti oar 
present investigation by proper letters ; ttuls : - 

liCt liie iSrst tfitm be designated by, or « a 
** constant diflferencc by =: d 

'' numbw of terms of the series =c n 
'* sum of the series = 8 

Thus we shall be alile to express the property^ 
'wMcIi we have jiist found, of the value of «uy term, 
which we denote by n, by 

' term (n) = a + ^n^ \) d 

And the wTiole series extended to the term n, would 
be written thus, (omitting the intermediate terms :) 

1st . 2d (•i--l>t nth 

S = a+(«+£i) . , . . (a+(n-2)a)+(a+(tt-l)d)+&C. 

Considering the nth term, it is evident that if, of the 
three quantities concerned in it, and the whole value 
of the term itself, any three are given, the fourth 
may be determined from them, just as we- determin- 
ed the fourth term in a geometrical proportion, not* 
withstanding that the law of thdr mutual depend- 
ance is very different. 

Exan^e, In the above series w^ had a = 2 ; <2 = 3^ 
let n denote the sixth term. We shall, by putting the 
values of the letters in their places, and performing the 
operations indicated, obtain the following : 

Value of the 6th term *= ijg 4.5 x ^ » 17 
In a^milar manner any other term would be obtained, 



The 2l8t tefnn = 2 -f 20 X 3 = 62 and so on. 

If we had 62 as the value of the term given, and the 
'£rst term, together with the ooostaat dil^rence, we 
would evidently obtainthe number correspondng to the 
term, by^8ubt^lcliog the fimt term from the sum, and di- 
viding the remainder fa^ the difference, Uien^dding^n 
unit to the quotient 4 thus : 



6£ ^ 2 == 60 ; then V « 20. Adding 1 gires for 
n «r 21. 

Id like manner any other part can be foand» by reyers-" 
ing the operations accordingly. 

$ 104. The most frequent use of these series, and 
therefore the principal object of inquiry, is the de- 
termination of their sum by means of tlie three other 
quantities concerned in it* The principle of this 
determination is deduced from the nature of the se- 
ries, in the following manner. 

As we found in arithmetic proportion that the sum 
of the extremes is equal to the sum of the means, so it 
is evident tliat here the sum of the extremes is equal 
to the sum of any two terms equally distant from 
them, for the sum of every such pair of terms must 
contain the first term twice, and the constant differ- 
ence an equal number of times, because these in- 
crease in numbers equally from the beginning 
onward, as tliey decrease from the end backward. 

In the above series we obtain : 

By tiie first and last or 6th term : 

By the second and last but one, or fifth term : 

£ + 34-2-f4X3 = 19 
By the third and fourth term : 

2-|-2X3-|-2-f3X3^ 19 

And generally, by the first and nth term, we 
would obtain, adopting the expressions above used, 
the general value of any pair of terms : 

a + a -f- (n — 1) d 

Summing up all these pairs of terms, we would c^ 
course obtain the sum of the whole series. But 
there are as many pairs of terms as the number of 
terms divided by 2 ; therefore we may^ obtain the 
value of the whole series at once, by multiplyins 
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the value found above by half the number of terms ; 
that is, in the above numbers : 

(2 + 2 + 5 X 3) f = 57 
And in the general expression in letters^ or^ as this 
is usually called, equation : 

n 
^ = _ (2 a + (n - 1) d) 
£ 

In this general expression again there are only 
four quantities concerned, three of which being 
given the fourth is determined, by making such 
operations upon the above equation as will bring the 
quantity to be determined alone on one side of the 
sign of equality, as in this case the 8. 

§ 105. To determine any quantity in any way 
involved in such an expression as the above, which 
in general arithmetic is called an equation, the same 
principle is made use of as has been shown in pro- 
portion, namely, that all such mutations are allowed 
as do not change the principle, that after the change 
made, the quantities on each side of the sign of 
equality are again equal. This leads directly to 
the consequence, that we are allowed to perform 
any operation of arithmetic we may wish upon 
such an equation, provided we do the same on 
both sides. 

As we have seen above, that the operations, com- 
monly called i*ules of arithmetic, are of such a na- 
ture, that two are always opposite to each other, 
that is to say, the one will always evolve what the 
other has involved, or disengage what the other has 
engaged, we shall naturally in an operation such as 
is proposed always perform upon such an equation 
'success ively all the operations which will disen- 
gage the quantity from all others, until it ulti- 
mately be found alone on one side of the sign of 
equality. 

15 
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wefbre now apply these principles to 
efore us, to obtain succesaively expres- 
itions for each of the quantities bj 
be others. 

. To find the first term of tJie series, 
le other parts, we would proceed tints : 

original equation 

n 

= {2 a + (n - 1) d) — 



B on each side hy — ; which will dis- 

2 
lultiplication, and give : 
i8 
= Sa + {n.- l)d 

Bp to disengage the addition on the 
■de, we wilh subtract on each side 
there, to the part containing the first 
anges the equation thus: 

(n- l)rf « 2a 

It term, will now be alone, and there- 
•mined, if we divide on each side 
res ultimately : 

S d 
(n _ 1) _ = o 

n 2 

ed in words, which is in fact a less 
y than ttie above expression, which 
eye at once, would be thus: the first 
to the difference between the sum of 
ded by the number of terms, and the 
f the common difference into the nura- 

i one. 
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Suppose we had the sam of the series; * 5 = 164 
•' " common diflference : c? = 6 

•' '* number of terms ; n = 8 

the above expression would present us the following: 
result : 

164 7X5 164 140 24 

8 2 8 8 8 

2d Problem. To find the diflTerence, we would 
mutate the equation after the firat step thus : 
Having 

2S 

=: £a + (w — 1) d 

n 
^e subtract 2 a on each side^ which gives : 

— — 2 a = (w — 1) d 
n 

And we divide by n — 1 on both sidesi which gives 
the result : 

2flf 2a 



•w^ 



n (n — 1) n — 1 

This expression can be made more convenient for 
calculation, by subtracting the fractions after re- 
duction to a common denominator. Thus it be- 
comes : 

2 S- 2na 
d = 

And by making 2 a common multiplier to both 
terms of the numerator : 

2 (S^na) 

d r= . 

n{n- 1) 
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AssumiDg for the letters the values given to them 
above, we obtain i 

2(164 - 8X3) 2 X 140 280 

8X7 66 66 

3d Problem. To determine any term of the series, 
having given the first term and the common diflfer- 
ence. 

From the nature of the series we have seen, that 
each term after the first has always the common 
difference added to it^ in order to form the subse- 
quent one ; therefore each term Is determined hy 
adding to the first term the common difference as 
many times as the number of the term required indi- 
cates, less one, thus : 

Having the first term = 6; the common difiference 4; 
the 17th term will be = 6 + 16 X 4 = 69. 

4th Prohlem. Any two terms, the first being one 
of them, and the common difference being given, to 
find the number of terms. 

When the first term is subtracted from the other 
term given, we have the product of the commoit 
difference into the number of terras less one as re j 
mainder ; dividing this therefore by the common 
difference, we have the number of the term, when 
we add one to this quotient ; as for example : 

The first term being 5 ; the other term given 69 ; the 
common difference 4 : 

Subtracting the first term gives 69 — 6 = 64 ; 

Dividing this by 4, we obtain = 16 ; to which adding 
1, gives the number of the term =17. 

5th Problem. To find the distance which two 
terms in an arithmetical series are from each other, 
the common difference being given : 

If we subtract the two terms from each other, we 
evidently have for the remainder the product of tho 
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^.onolmon difference into the difference between the 
terms ; therefore, when we divide this remainder by 
the common difference^ we obtain the number ex- 
pressing the distance of the terms ; as for example : 

Haying the two terms 69 and 92, and the commoii 
difiference 4, we obtain 97 — 69 = 28 ; dividing by 4, 
the distance of the terms becomes as 7. 

These problems may evidently be varied in dif- 
ferent ways ; and I now allow myself the supposi- 
tion that the scholar will be able to do it by himself^ 
as he may wish or need it. 

6 th Problem. The sum of the series, the first term, 
and the constant difference, being given, to find the 
number of terms. 

This solution will lead us into a quadratic equa- 
tion, the principles of which have been explained 
above, with the express view to their application in 
this chapter. It is proper to treat it in the general 
form ; we shall therefore take the first formula, or 
equation, for the sum of the whole series, and from 
it solve the value of n, by the following successive 
steps : 

n 

Original equation, fi^ = — (s a + (n — 1) d) 

Multiplying all by 2 : 

2 8 = n (2 a + (w- 1) d) 

Executing the multiplication by n, indicated^ 
and also by d, in its place : 

2 8 = 2an + dn^ — nd 

Arranging the parts on the right by the powers of 
n, and making n the common factor to its multipli* 
ers in the two tertns : 

2S = dn» + (2a- d)ii 

Dividing by d to make the n^ free of factors : 

15* 
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^S 2a- d 

2a — d 
The — — — evidently represents here the doublr 
d 

of the second terro^ which we found above in a qua- 
dratic equation ; taking then the half of it^ squaring 
it» and adding it on both sides, gives : 

2/Sf /2a-d\« 2a-d /2a-d\2 

— + 
d 

The square root can be extracted on the right side, 
it being an exact square ; there being on one side none 
but known quantities, that are equal to the sum of a 
known quantity and the quantity sought, this latter 
will ultimately be obtained by a simple subtraction. 
These opertions, expressed by known signs, give : 

2a - d 



(2o-d\* Za-d /Za-d\ 
I = n> + n + { I 
2d / d V 2d / 



X^' - (^0 



d ^ 2d ' -^ 2d 

Which we will dow, by way of ezplaDation in numh 
bers, apply to the Dumerical series supposed in the first 
problem above, by placing for each letter (except the 
unknown, n) its value. 

'2X164 y2x3-6v.v 2X3-5 

= » -f- 

2X6 

or ./I +('--V'i«n + ^ 

10 

Bringing the parts of which the root is to be extracted 
xinder one single number, by the following operations 
successively : 

328 1 328x20+1 6561 

+ c=r. = mm 65,61 

5 100 100 100 
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the abvTe will give us : 

^ V'65,61 = n + j\ s» 8,1 

and n = 8, 1 — 0, 1 = 8 

§ 1Q6. We have seen in § 88, that the continuance 
of a geometrical proportion produces a series of 
quantities of which each subsequent is a product of 
the preceding one by a constwnt factor^ either whole 
or fractional ; the first case producing an increas- 
ingy and the second a decreasing geometric series 
for progressionfj which is therefore the constant 
ratio between the terms. 

The principles of the geometric series are appli- 
cable in all questions that relate to compound inte- 
resty annuities, and the like ; their principles will 
here be investigated in a manner similar to that 
used for the arithmetical series, but upon the prin- 
ples of the geometric proportion, of which it is the 
continuance. We will for that purpose proceed by 
the example of the following series; the sum of 
which we again call 8, to have a point of compari- 
son ; the terms are therefore also added, or joined 
by the sign (+)• 

5«3+6x3-|-6»X3-f6»X3-|-5*x3+6«X3+5«x3&c. 

The law of continued geometric proportion, that the 
product of the two extremes is equal to the product 
of the mean term into itself, evidently holds good 
bere, and we have, for instance, by the product of 
the first and third term, compared with tlic second, 
the following results : 

3X5^X3 = 5X3X5X3 
or 225 = 225 

And by the same process upon the last term and the 
second before the last, compared with the one before 
the last : 

5*X3X5«X« = 5«X3X5«xr, 
or 2197165625 = 2197165625 
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In both cases results evidently identical are ob- 
tained. 

Comparing the number of the factors of the con- 
stant ratio in each term with the number of this 
term, we find again» as in the arithmetical series : 
that, as this factor appears of course for the first 
time in the second term, each term will contain one 
factor less than the number of this term ; thus the 
second term has one factor^ the third two, the 
seventh (as above) six ; and in general the nth term 
will have n — 1 factors, exactly in a similar man- 
ner as found in arithmetical series. This con- 
sideration enables us to determine any term of the 
series, for the nth term of the series above will be 
= 3X5^°"'^; and if we again adopt general deno- 
minations as in arithmetical series, by calling 

the first term = a 
the constant ratio = r 
we would write the above expression of the nth 
term =a . r*°"*^ ; that is : tlic nth term is equal to 
the product of the first term into the common ratio 
elevated to a power one unit less than this number 
of the term. We may therefore again determine 
any one of these four quantities when we have the 
three others given. 

$ 107. From the principles of continued geometric 
proportion a formula, or equation, is now to be de- 
duced, expressing the sum of a geometric series in 
general terms. We have seen among the mutations 
of the geometric pr^ortion : that the sum of the two 
, terms of each ratio may be compared with either its 
antecedent or its consequent; this, applied to conti- 
nued proportion, where the middle terms are equal, 
produces the following ; applied as example to the 
first three terms of the above series, namely : 

3:3X5 = 3X5:3X5* 

whence, by addition : 

3-f.3X5 : 3 = 3X5 + 3X5» : SX5 
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This change might evidently be carried on through 
the whole extent of the series^ and we might there- 
fore have the sum of all the antecedents in the first 
antecedent above, and the sum of all the consequents 
in the second antecedent ; or by expressing the sum 
of all the antecedents by the sum of the whole series 
less the last term, and the sum of all the conse- 
quents by the sum of the series less the first term^ 
we will have a general proportion resulting, expres- 
sed in the letters adopted above, and for a series of 
n terms; viz: 

air} ■ '"»"» = {'"^clr"} ■: ^r"™- 

S - ar^"' ** : a = 8 — a i ar 

or^ by mutating the middle terms : 

S — ar^"'^ ' : iSf — a = a i ar 
and by subtraction : 

a«-ar •*"** I 8 " a = a-ar I ar 
Dividing the antecedents by a.* 

1 «. ^(«»-i> : s -^ a = 1 -r r : ar 

Multiplying the antecedents by r .- 

r— r^ : 8 - a = r (1 — r) : ar == 1 — r : a 

Exchanging the mean terms : 

r — r^:! — r=/Sf~a:a 

Sum of antecedents and consequents compared with 
the consequents : 

r-.r°-f-l-r: 1 — r = 8 ^a + a : a 
or 1 — r":l— r = i8f2a 
which gives : 

a ( • - r") a - ar'' ar*" - a 

1 — r l~r 1-r 

The better to impress this operatioQ> and its different 
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steps, I will repeat it here in the numbers of the abore 
series, which will eoable us to make the full comparison 
of its general result with any individual case that may 
occur. The series chosen gives the following numbers 
in the first proportion, under the supposition of the num- 
ber of terms n being 7. 

S — SXS"* :3 = 5—3:3X6 
S — 3x6«:S— 3 = 3:3x5 
3 — 3X5»:S— 3= 3—3x5:3x5 
1 — 5» : S-.3 = 1 — 5:3x5 
5 — 5'^ :5 — 3 c=s 5 — 5X5:3X5 

= 1—5:3 
5 — 5'' : 1 — 5 = S— 3 : 3 
5 — 5'» + 1 — 5 : 1 — 5 = 5—3 + 3:3 

1 — S'' : 1 - 5 = 5 : 3 

3(1—67) 3 — 3X5T 

1—5 1—5 

234372 

= 58593 

4 

Remark. I here permitted the quantity to he sub- 
tracted to be the greater, both in the numerator and in 
the denominator ; this, though apparently a contradiction, 
is compensating on the same ground as has been shown 
above : that the objects themselves disappear in a rule 
of three, when they appear equally, both in numerator 
and in denominator ; the result here is therefore equally 
positive. The signs of addition or subtraction, that is, 
-p, and — , compensate as equal quantities in numeiator 
sipd in denominator, exactly like the quantities them- 
selves. It will easily be seen, that if the series had 
be^^ a decreasing one, the case would hav€ been the 
r^^erse ; the ratio being in that case a fraction, the nu- 
xno^^}^^ and the denominator would both have presented 
Positive numbers, that is, the subtracting quantities, be- 
iogr fractions, would both be smaller than the unit. 

rX'he above expression for the value of the sum of 
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a geometric progression is therefore the rule (to ex- 
press it in the common language of arithmetic) by 
"v^hich this sum is to be calculated. It can be stated 
Tery simply thqs : 

Take toe difference between tmity and the constant 

ratio elevated to the power indicated by the number of 

terms f divide this by the difference between unity and 

the constant rdtiOf and multiply the quotient by the 

Jirst term. 

This rule is evidently adapted both to increasing 
and to decreasing geometrical progressions. 

^ 108. The foregoing expression, or formula, 
again presents us four i|uantitres mutually depend- 
ing upon each other, in the manner expressed by it ; 
we may therefore conclude : that any three of them 
giveii determine the fourth 5 which might form as 
many distinct problems, as shown in the arithmetic 
series ; we will here only show how to find the first 
term, the other parts being given. 

The last step of the reduction of the proportion 
evidently gives : 

1 — r 

a = 8 

X - r" 

or, in words : Divide the difference between unity 
and the constant ratio^ by the difference between unity 
and the ratio elevated to the power indicated by the 
number of terms, and multiply the quotient by the sum 
of the series* 

To determine the constant ratio, or the number 
of the term, when the other parts are given, re- 
quires more extensive deductions and calculation 
than the plan of these elements admits of; the first 
requires tlie solution of what is called a higher equa- 
tion, and the second the use of logarithms, which 
both lie beyond our present limits. 
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CHAPTER III. 

Of Compound InteresU^-^Idea of Annuities. 

$ 109. We have seen in its proper place, that the 
calculation of simple interest was a simfple multipli- 
cation of the capi^ by the decimal fraction repre- 
senting the interest per hundred^ and in the Com- 
pound Rule of Three the other questions have been 
treated which relate to this subject. But, as well 
for the transactions of monied institutions, as for 
Tarious other calculations, in political economy and 
otherwise, the interest after the year, or any other 
term agreed upon, is considered as again bearing 
interest, and thus the interest increases at the same 
rate as the capital itself. This introduces of course 
a mode of calculation completely different, and par- 
taking of the nature of the Progressions : its prin- 
ciples shall here be treated separately, and. with 
the addition of payments at determined terms, 
as the interests or annual payments, called annul-- 
ties, of which it may be proper here to give only the 
first principles, without going into the details which 
more intricate speculations introduce into them, as 
they would draw us out of our prescribed limits. 

We shall take the liberty of making use of letters 
to designate the quantities, until we give them 
actual values, by way of example 5 in order to give 
io the reasoning that general form which it is so 
advantageous to introduce in the higher branches 
of arithmetic. Thus we will call the capital = C, 
and the rate of the per centage = r ; and proceed 
with these as if they were known numbers, indicat- 
ing the operations by means of the signs which we 
have long been familiar with. 

The capital having been one year at interest^ it 



will be worthy together with that interest, 

C + rC = C{l+r) 
(for the C multiplies the unit and the rate per cent, 
s: r.) This being now the cartel on interest for 
the second year, it will produce an interest = 
C (1 + r)r; and the whole value of the capital and 
interest at the beginning of the third year will be 
the sum of the last year's capital and the interest 
of the same, namely : 

C(l+r) + C(l+r)r « C<l+r) (1+r) = C(l+r)« 

(for here the C{1 +r) is again a multiplier for the 
unit and the rate per cent. = r, and so in each 
following year.) \ This capital, at the same interest, 
in the third year will produce an interest =? 

C.r{l + rY 
which added to the last capital, gives at the begin- 
ning of the fourth year the value ot 

C(14-0'+Cr(I+r)« = C(I+r)«(l+r)=:C(l+r)3 
This is therefore the law of the increase of a capi- 
tal put out upon compound interest; which for 
any number of years, say n, would give 

C{l + r)^ = 8; or. 
In order to obtain the value c^ Uie whole capital at the 
end of the last year 9 the rate of interest added to unity, 
raised to the power indicated by the number of years 
elapsed, is to be mvitiplted into the original capital. 

To show the same operation in numbers, let us sap- 
pose a capital, C= 7600, at the rate of 6 percent, 
compound interest ; this (expressing the per centage in 
4 decimal fraction) evidently gives : 

The first year's interest : 

7600 X 0, 06 
The capital at the end of the first year ; 

7600 + 7600 X 0, 06 
which will be more easily calculated thus : 

7600x1,06 
16 
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The second year's ioter^t will be : 

7600 X 1,6X 0,06 
The capital at the end of the second year : 
7600X1,16+7600 X 1,06X0, 06 
or, again eipressed more simply : 

7600 XI, 06 X 1,06 ^ 7600 (1,06)2 

It will progress in this manner every year by the 
power of 1, 06 ; that is, the original capital will be mul- 
tiplied by 1, 06 in continued multiplication of as many 
factors as the number of years indicates ; for instance, 
at the end of six years we would have : 

J 7600(1 X 6)« a 7500 X 1,26247696 

$ llO. If to tiie above condition of compound 
interest we add the condition of annual payments^ 
we have the idea of an annuity; when these pay- 
ments are supposed larger than the interest^ (as in 
that case the whole nftight be reduced to simple inte-^ 
resty) it is evident that they must eventually consume 
the capital itself, and that compound interest must 
also be allowed upon these payments as well as 
upon the capital ; the conditions of such contracts 
are therefore, varied, and grounded upon various 
contingencies,, and principally upon a combination 
of chances, particularly the probabilities of life, inta 
which it cannot be our object to eriter; the first 
principle which lies at their root is all that is in- 
tended to be shown here. The diflference between 
the capital increased at compound interest, and 
the payments made, at any time, allowing the same 
rate of interest, is therefore the value of the an- 
nuity at that time; this will be founded upon the 
following investigation. 

We shall here proceed as in the pi^eceding section, 
calling the annual payment = p; and supposing 
them to begin at the end of the fii*st year, it will 
afterwards be easy to adapt tlie result to other con- 
ditions of payments, beginning at a later period 
Thus we have. 
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At the end of the first year, the amount left 

= 0(l+r)-jp 
At the end of the second year 

« C (1 + r)» - p (1 + r) ~ ji 
At the end of the third year 

= 0(l+r)3-ji(l +r)3 -_p(l + r)-p 

and so on every subsequent year, always deducting 
from the original capital with its compound interest 
at the time^ the payments made with their interests, 
at the same rate, also at compound interest* 

So for the end of any year, generally named = n, 
we shall have for the amount left, called a, ex- 
pressed as follows :* 

a = C(I + r)°~p(l+r)»-i— p(l +r)»-a until— p 

The series of payments with their interests evi- 
dently form a decreasing geometrical series with 
the constant ratio = (l + r), the payment = p, 
being the first term; we can therefore place its 
value at once instead of the series according to the 
expression found in § 107, The number of terms 
is evidently = n, because the payments are conti- 
nued until the term p, which has not the common 
.ratio in it* So we have again 

l-(I+r)' 

I (1-r) 

(l-f.r)--l 

=: C(l -hr)'»-px 

r 

If the payments were to commence at a later period 
than the beginning, or to stop after a certain num- 

* To express this in a rule would be useless ; we wiU rather sub- 
stitute, by way of example, the numbers which the letters repre- 
sent, and join the result in the first example following^, taking the 
data of the foregoing example. 
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ber of payments, as, for instance, the supposed pro^- 
bability of the life of the person enjoying a life annu- 
ity, it is evident that the only dUTerence resulting 
would be in the number of the years which denote the 
power of the ratio of the series of the payments* 
Suppose it should take place m years after the lend- 
ing of the money, or beginning of the compound inte- 
rest upon the original capital ; we would then have : 

(l-t-r)"— — 1 

r 

This latter is usually called reversion. 

Example 1 . Supposing the capital which was given id 
the preceding secttOD, and that an annual payment of 
{ 800 was to be made, beginning with the first year, 
and letting the number of years also be 6, we shall have 
the amount iti the liafnds of the receiver of the money 
at the end ef 6 years : 

By the expressiou 

(l,06)«-.l 

a =3 7500 (1, 06)« — 800 

0,06 

a =s J 10639, 9 — 6680, 266 =» $ 6058, 633 

Example 2. Suppose the same capital originally given, 
and the same payments, to begin 6 years after the placing 
of the money ; what will be the amount aAer 14 years ? 

By substituting these numbers in their proper place 
we obtain ^ 

(1,06)« — 1 

a = 7500 (1,06)»* — 800 

0,06 
from which is obtained : 

a =5 16956,88 — 1275^08 =i 15681,8 

To find iu this case the rate per cent, or the numbei" 
of years, having given the other parts, will again require 
methods of calculation which lie out of the limits of tht« 
work, as may be judged from their form> aud by refer- 
ence to the preceding chapter on series. 
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§ 111. The determination of the value of arrears 
of payments is calculated upon the same principle 
as the payments in the preceding case; hecause it 
is supposed that the money due at former times, and 
not paid, would have increased in the same manner; 
therefore the solution of these cases lies in the second 
part of the above, and the result is obtained by a 
mere change of denomination ; thus : 

^ The amount of all arrears due = a 

The yearly payments due = p 

The rate per cent, interest = r 

The number of years* arrears due = n 

Gives the result of 

(i + r)"* — 1 

a ess p ' 

r 

Example, Ad annual payment of f 1000 being in ar- 
rear for 7 years, what is the amount to be paid, on the 
principle of compound interest, at the rate of 6 per cent, 
annually ? 
This gives 

(1,06)'^ — 1 0,603633 

a = 1000 — ^ = 1000 . 

0, 06 0, 06 

or a = J 8392, 22 

§ 112, When a certain capital is to be distributed 
into equal payments undei* the allowance of com- 
pound interest, as is often done, the expression of 
$ 110 gives the principle of this distribution by the 
simple supposition that the second part of the ex- 
pression, containing the amount of the yearly pay- 
ments, with their compound interest, must be equal 
to the first, containing the capital with its compound 
interest. That is to say, we have 

(l+r)«_ 1 
(1 + r)* = p 
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^ faisy C6iiidi(!fel^d itt'pHHh)tt'of eltf^flkifs andfittteaiis 

e : p :ii=' (I + ff — 1 : f (1 4- r)** 

So we may determine wit& equal ease the jearly 
payment =: p» which will extinguish (or he equal 
to) a certain present amount = C, at the rate per 
cent = r, in the number of years = n, and the 
present capitaf whicH such yearly payments wilF 
represient; for we have i^iSta this proportion : 

p =» C ■ ■ ^ 

(1 + rf - 1 

(l-f-r)" — 1 
and C =^ p ———-—. ; 

r (1 + r)'» 

by the simple nd^ of three. 

In sdbstlttitittg Hete, by way of era to pie; the numbers 
found or giine'D §' I Itl, th^'a&dV& exfii'essiiou woald stand 
thus : 

0.06(!,06)* 

Pay to^tft' $ 800 = 6580, ^m ^- 

(l\ 06) • — I 

(1,06)« — 1 

Capital $ 6680, 266 = 800 

O^06:(1^O6)« 

The determihatioii df the number of y fears th^t it 

will take to eitirtguish a dfebt by giten yearly anff 
equal payments, is another question that is beyoiid 
our present limits, for it is the same as that stated 
in § 108. This subject is therefore dismissed, and 
it is expected that any student, who has applied 
himself to this exposition of the principles of this 
kind of calculation, with tlie necessary understand- 
ing of the general principles of arithmetic taught 
in this book, will find no difficulty in solving any 
of the questions, which will appear at the end« 
upon this subject. 
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CHAPTEE IV. 

Of Migatimff or Mixturts of effects cf different 

Value. 

$ 115. In retail mercantile concerns it often oc- 
cursy tlMit it is desirable to ascertain the proportional 
value of a mixture of tilings of different values which 
are given. Reflection upon what has been hereto- 
fore taught would point out the principle upon which 
such a proportional value may be determined. This 
value of the mixture being, naturally a certain mean 
ef all the component partsy this operation of arith- 
metie isusualfy called alligation medial. 

The quiintity of eacb component part multiplied 
by the price of its unit (what is usually called its 
value) evidently gives the influence of this part up- 
on t1|e general mixture^ It might therefore be con^ 
sidered generally as acting exactly in the same way 
a» the product of cause into time. The sum of all 
these products evidently constitutes the whole* 
Thus we might say in any number of things toAxidd, 

tiw^um of jdl the^ unttinig ip the common effect =s £v 
If tber^bre tlie mean eifect^ that »i the mean value 
of each hldividoai tilings or unity in the mixtupe^ 
is to be determtnedv thi» vdiole eflfect, that is, the 
sum of all the partial effects, is to be divided by the 
mtmber of things mixed, or the objects acting in the 
general result* This expressed in tlie above form 
will give, considering C (or the cause as the ob- 
jects and (the time) T as their value, the following 
generid result : 

CXT + cXt + o Xt + XX 
J/ltttA =s ■■■■■ ' ' 

c+o+;> + a 
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Example. Suppose that a Dumber of men work at r 
certain work during a month, as follows, namely : 6 men 
work 15 days each ; 4 men work 19 days each ; 12 men 
work 20 days each ; and 10 men work 26 days each, 
during that time ; on how many days' work, on an ave- 
rage, can one calculate for each man in a month ? 

This gives : 

6X16+4 XI9+12X20+ 10X26 13 

Mean =■ 20 H 

6+4 + 12+10 16 

In this manner it may evidently also be calculated, 
that in a number of %vorkmen engaged in a work the oc- 
casional absences may reduce the amount of work which 
they would otherwise perform ; to the mere result of the 
product of the denominator of the above fraction into 
the quotient found, or the above workmen taken to- 
gether, would in a month have executed only the work 

^ = 32 (20 + If) = 666 days ; 

or the amount of the numerator of the fraction, as is evi- 
dent ; instead of which, if they had all been present the 
whole of the 26 working days in a month, thej would 
have produced the work = FT = 26 X 32 = 832 days. 

$ 114. When in such a composition it is desired 
to obtain a certain mean value of the objects mixed^ 
or (as in the preceding example) a certain amount 
of work by means of objects of diffei*ent value, (or, 
as above, men differently assiduous to their work,) it 
becomes necessary to determine the quantity of each 
individual ingredient, (or, as above, the quantity of 
each men of a certain assiduity,) to obtain the 
desired aim, that is, the price of the thing aimed 
at, (or the number of days' work desired.) This 
operation of arithmetic is usually called alliga- 
turn alternate. It is requisite that the quantity 
of objectsbelow the mean value must compensate 
for those above it; their products must therefore 
become inverted. In thus composing a mean with- 
out limitation of the quantity to be made up, or of 



Miy of tbe partff given, k i» evident that a nninber 
of solutions will be possible for each question, but 
that all will be multiples of each other. The fr^LC^ 
ileal method used is the following. 

The different values being written under each 
other, the difference between one value above tlie 
miean and this mean is taken, and placed oppo- 
site one of the values below the mean ; and alter- 
nately^ the difference between this lower value and 
the mean is written opposite to the value above the 
mean I thus all t{ie differences being taken, the 
numbers opposite to each value are added, and give 
tiie quancity to be taken of each of these respective 
values, the products of ^whiclr into tbe values to 
which they are opposite will give a sum answering 
a compound as desired. And every equal multiple 
of all the parts will also give an equal multiple of 
the whole. (The parts compared are linked, to 
show the operation.) 

ExampU, A goldsmith liaving gol^ 16 carats fine, 19 
carats, SI carats, aod 24 carats, wishes to make a mix- 
ture 20 carats fine ; how.much of each has he to take ? 

4-1-1=6 

1 -f- 4 = 6 

1 -t- 6 = 6 

6-1-1=6 
wliich gives 

16X6-}. 19X 6 + 21x6 + 24X 6 ^ 20 X 22 = 440 

or the whole mixture being 22, be it ounces, grains, or 
vhat it may, there must be in it 6 of the 16 carats gold ; 
5 of the 19 ; 6 of the 21 ; and 6 of the 24 carats gokl ; 
which evidently bears the proof of giving, when 20^ the 
mean price, is multiplied by 22, the whole quantity mix- 
ed, the same result as is obtained by the sum of the indi- 
vidual products. 

^ 115. If either the whole aoiount of the mixture;^ 
or any one of the parts to be mixed,^ is limited to a 
o^^taiit quantity, it becomes necessary, after the 
irimv€ (^ratloii^ ta take the ratia^ between the pant 




22 : 36 = 



8 



aiv«7 ct uii 

(10— 



190 ALIlOATIOar. 

given and its corresponding number in liie above 
result^ to make all the other numbers in the like 
manner proportional to their corresponding ones in 
the above result. 

lit Example, If in the above the whole mixture was 
required to be 36, iostead of 22, we should have to make 
the proportions 

6 : (the 16 caraits, or) 8,46 
" 19 " ) 8,45 

" 21 " ) 9,818 

»' 24 " ) 9,818 

2d ExampU. A goldsmith has sihrer 6 ounces fine, 10 
ounces fine, and 20 ounces of silver 9 ounces fine ; how 
much of the two first must he add to the 20 ouuces of 9 
ounces fine, to make a mixture 8 ounces fine ? 

1 + 2 « 3 
1 = 1 

1 a 1 - 

This will give the ratio of the silvers ; now the silver at 
9 ounces fine being determined at 20 ounces, the propor- 
tion formed from the ratio of the number found for that 
kind of silver^ to the number limited for it, is that which 
must guide all the others, as follows : 

1 : 20 = 3 : (silver of 7 ounces fine =) 60 
1 : 20 = 1 : ( " lO " =) 20 

$ 1 1 6. We shall now close these elements of 
arithmetic j for to go into more complicated practical 
applications would exceed the proper limits of first 
elements^ and may be much better treated algebra- 
ically. The regvla falsif or rule of false snpposi- 
tion, both simple and compound, is intentionally 
omitted, the first because an attentive scholar ^ 
what has been here taught will not need it, but find 
in what he has learnt the better means to solve the 
question^ the second because its operations belong 
more properly to algebra, so far as they actually 
lead to a determined result. 

$ 117* A short retrospective view of wha^ has 
been treated in these elements may not be misplaced. 



I haVe dwelt at some length upon the very first 
elementary ideas of arithmetic^ the notation or signs 
of the arithmetic operations^ and the {ninciples of 
the systems of numeration^ because, as was there 
said, these first elementary ideas« if well under- 
stood, will be of the greatest utility in rendering 
every operation in arithmetic easy ; it is therefore 
to be wished, that the teacher extend them still more 
by some practice upon other systems of numeration 
besides the decimal system, and by familiarising 
the varied combination of the signs of arithmetic, 
the full value of these combinations being ultimately 
assigned. The same reasons dictated to me the 
detailed de scription ot the four rules of arithmetic, 
which it is.certainly proper to make easy, and satis- 
factory to the mind of the beginner, if he is ever to 
know how to apply them in their proper place. 

In treating vulgar fractions, I considered it obli- 
gatory upon me to proceed by exact mathematical 
demonstration, and to deduce them from theii* actual 
origui in an unexecuted division ; while in decimal 
fractions the whole of their principles will at once 
spring from the consideration of division conti- 
nued below the unit, according to the same sys- 
tem as above it. In considering all conventional 
subdivisions of the units of dlfiei*ent kinds of quan- 
tities as denominate fractions, I found it possible 
to treat it with some system, which is not possible 
when each is treated separately. If I have deviated 
in these considerations from the usual method, I 
hope the clearness that results will excuse me. It 
appeared to me proper to bring the scholars to this 
point by what might be called theoretical steps. 

The Second Part will afford the scholar the satis- 
faction of a useful and amusing application of the 
principles learnt before I considered it proper to 
devote a separate part of the book to this, in order to 
give the scholar the satisfaction of seeing how much 
he could do with the few elements he had learned 
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before; and itk to be hoped tiiateverj teacher 
know how to relieve his scholar in an agreeable 
manner by this Second Part, and the questions which 
will be placed hereafter^ or others of his own malung. 

In the Third Part, treating of ratios and propor* 
tions^ 1 considered myself both bound by true {Man- 
ciple, and authorised by the progress of the scho- 
lar, to treat the subject* as the beginning of the 
elements of the actual science of quantity ; the prin- 
ciples being so few and simple, the task appeared 
to me, only to lay them well open to the scholar, 
and to show him all their beings and conse- 
quences ; a defective treatment of this part of arith- 
metic, cannot but destroy, instead bf cultivating^ 
the reasoning and understanding of the scholar. 
These reasons determined me to a more detailed 
application to examples fully worked out, as tiiey 
both help to explain the principles, and make their 
application pleasant to the scholar. 

The use of letters to denote a quantity before its 
determination appeared to me pi*oper to be intro- 
duced, and gradually to habituate tiie scholar to 
more general considerations in regard to quantity, 
not servilely attached to the figures of our system 
of numeration. 

After the steps made in the Third Part, I hope to 
need no excuse for the greater degree of generalisa- 
tion which has been introduced in the Fourth, except 
to say that it was done with the avowed intention of 
leading the scholar imperceptibly into the entrance 
of algebra. It is absolutely useless to teach tiiese 
parts by rules; no scholar ever remembers themf 
and he, whose memory is mechanical enough for 
this, seldom knows where they are amlicable. 
They are therefore useless to him; and to omit 
teaching properly the principles of these parts is 
an injustice towards the student of arithmetic, who 
wishes to prepare himself by it for' higher studies. 
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COLLECTION op QUESTIONS. 



Read the foBowing faambers : 

l8t. 73,064; eth. 94^070,790 

2d. 101,070,101; 7tft. 4,399,080,502 

3d. 500, 007 ; . 8th. 100, 010, 007. 

4th. 90, 807, 060; 501 ; 9tb. 7, 070, 409 

6tb. 1,897,510,^34; 10th. 1,902,^10,571 

AonDiTioir« 

Add the following^ namberv : 

l8t 1,006, 052 + 70, 401 + t, 040, 107 4- 9, 080, 071, 402 c= 

2d. 17,040,109 4- 50,201 4- 701 + 30 + 5,000, 127 == 

3cl. 70904 -I- 398125 + 8079123 + 98162733 » 

4th. 37 +90005 + 1009645 + 309047 «= 

Stb. 773 + 104462 + 34983 + 81090406 » 

m 

£XAMPI£S IN HITLTIPJLICATIOnr. 

• » 

1. Seven bofs here each twelve marfolefl; haw many* marbles 
have they altogether.^ 

2. If 5 boys buy each half a peck of apples, and each half 
peck holds' on an average 16 apples, how many apples have they 
altogether .' 

3. A company of soldiers of 105 men with the officers, having all 
mui^ets, each weighing 5* pounds, and 2 pounds of ammanitioD, 
how much weight have they to carry altogether? 

4. A ton, ship^s weight, is 2200 pounds; how many pounds 
weight will be in a vesscS carrying 450 tons?- 

5. Twenty bales of cloth, containing each 27 pieces, of 20 
yards the piece, haw many yards are there in the whole? 

DIVISION. 

1. I have 750 pieces of cloth^ and can put no more than 15 
pieces in a bale ; how many bales shall I have to make ? 
2* A schoolmaster has 62 boys, and having a lot of 434 marbles 
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which h% wiihw to diitribuu equally amongf hisbAjs fts a rewarff, 

J If a man hw an annual income of 53565, how much can he 

""^A^SL^haTing two hundred and fif^ 

tiling 84 maes per day, how long: will he bo in performiog Oae 

journey ? 

VULGAR FRACTIONS. 

ADDITIOV. 

7 S 5 3 9 12 
X.Add - + ^ + i + T4+ii + 75=^ 
9 « 7 8 3 9 

^* 11 6 9 n 25 32 

1 7 2 17 19 15 16 

^ •* i + -8+-9 + ^ + 5-*-^'^«= 
9 15 13 14 8 10 5 

*• IS 19 21 27 23 34 18 

8VBTRACTI0]f« 

Make the difference between the following; fractions, added anft 
subtracted as indicated by the signs. 

343 7 9 36 112 

7 5 11 12 14 8 35 12 16 
4 2325 57 11 4 

^' 7""9 14 15 8 12 16 18 5 
342736691 

8 5 ""9 15 14 21 25 26 3 

TO VIND THE GREATEST COMMON MEASYRE 

24598 74844 

44226 150579 

61047 



3. 



77373 



tvxftnoHs. 195 

xo nam ths svcgxssiyb avfroximatuto MnucnwM* 

794973 5967 

1. ; 3. 

1674219 13843 

36126 81007 



2. ; 4. 



3. 


11 


4. 


»> 


5. 


It 


S. 


11 


7. 


•1 


^. 
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516412 649321 



DECIMAL FRACTIONS. 

RSDirCTI«]r TO DECIMAL FRACTIONS. 

1. Reduce 13h. 7in. into decimals of the day* 
2* ^^ 56d. 7h. into decimals of the year. 

10, 5 inehes into decimals of the foot. 

5 oz. 7 dwt. 3 g;r. troy into decimals of the pound. 

75 lb. 7 oz. into decimab of the cwt. avoirdopois. 

2 ft. 5, 7 in. into decimals of the yard. 

27 b. 5 m. 3 s. into decimals of the year. 

17 cable inches ibto decimals of the cubic foot. 

ADvmofr. 

A grocer making an inventory, finds he has in cash 1 17> 52; iil 
Yarious liquors the amount of $ 215, 17 ; in soap, candles, and such 
articles, 1 92, 54 ; in spices, 1 107, 32 ; in salt fish and similiar pro- 
Tiaons, f 49, 62 ; and in various small articles, besides the fomi- 
ture of his store, in all 1 57, 84 ; what is the whole amount of his 
stock ? 

SVBTRACnOH. 

1. Subtract as follows : 7,0107605 — 4,901979865 

2. " ^' 35,0964-34,9895602 

3. " " 670,4801—669,94013 

4. »» »» 0,04217—0,03948 

5. f' 9' 0,9080706—0,8950326 

MVLTIPLICATIOH. 

1. Box^lit 17} yards of cloth at f 2, 65 per 3rard; how much h 
the amount to pay ? 

2. MulUply 10,09562X7,8059 

3. *» 0, 00867X 9, 0472 

4. '^ 9, 80604X0, 0976 

5. '* 301, 0605 X 0, 003908 
i. *' 7503» 09706X0, 0009801 

DIYUIOV. 

6,tM53 36,45097 

1. DiTidd xs ; 2. DiTide 



8^8106 0|00488 



19^ ,^xm&cum9. 

52,0096 3,09042 

2. Dhride « ; 6. Diride = 

6, 496QS 95, 763 

0,00652 655,3708 

3. »» =s ; 7. '♦ 

3,4006 ' * 942,007 

0,0043106 0,04609 

4. " = ; 8. " 



0, 09459 0, 000762 

jffixKP avESTioirs in dbcikal fractions. 

1 What do 5 pieces of cloth of 28^ yards each, come to, at 
|3, 37^ per yard ? 

2. One poond sterliiig^ is equal to f 4, 444 ; (with continued de- 
cimals of 4;) how maoh is j6975i, expressed in dollars ? 

Jim. f 4335, 55122. 

3. A captain of a yessel has on board 706 packages, each mea- 
sorin^ 1-8 of a ton ; 89 others, each measuring | a ton ; and 405 
others, each measuring } of a ton ; how many tons of lading has 
he? Ant. 264|tons. 

3. A captain has on board 170 bales, each paying freight f 1,25 ; 
305 packages, each paying 87i cents ; 330 tons of other goods, 
each ton paying |12, 6^; and 6 passengers, each paying 
|78,50; how much does ii^s whole freight and passage money 
amount' to > Jim. f3854, 12i. 

5. A raft contains 305 pieces of timber ; of these 120 are oak, 
36 feet loqg and 16 inches square ; 50 pieces of oak, 45 leet 6 
Inches long, and 18 inches by 14 inches on the sides ; 166 pieces of 
pine masts, reckoned at 2 feet 6 ipches square and 60 feet long. 
The rest pine timber, 17 inches square by 50 fiset in length. The 
oak timber sells at 45 cents per cubic foot ; the masts at 80 cents 
the cubic foot, and the pine timber at 15 cents the cubic foot. 
How much money will the whole raft come to in the sale ? 

6. For plastering a wail the mason has to receive 21 cents per 
square yard (or the square of 3 feet each way> and containing there- 
fore 9 square feet ;) the wall which he has plastered is 13^ feet high, 
and 22 feet long ; how muoh has beio receive ibr it ? Ant. ^,93. 
And how many yards does the wall contain ? Am. 33 yards. 

7. How many square £»et front of brick wall can be built with 
3600 bricks, the thickness of the wall being the length of two 
bricks, and the end of the bricks being (bur inches by two f 

Am. 1000 feet square. 

8. A merchant makes 16i|>er oent. upon merchandise that costs 
him |7, 65 ; how much will hiM prdlt amount to ? 

» 7650 XO, 165 s Am. |1262, 25, (according to the princi- 
ples of decimal fractions.) 

9. The tare allowed upon a certain merobandise is 9) per 
^^t« ; hov much will it amount to upon 7365 waight f 

(Eqpresead as fdiove) ss 28^87£L 
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DENOMINATE FRACTION^. 

AUDITION. 

1. Add £1 68. 7d. + £3 48. lOd. + 38. 4d. + £9 14s. lid. 
+ £^S 179. 5d. 

2. Add 3 lb. 4 oz. 17 dwt. 5 gr. + 15 dwt. 17 gr. + 17 lb. 
3 dwt. 4 gr. -I- 17 oz. 15 gr. + 31b« 12 dwt. 6 gr. 

3. Add 6ydsj.2ft. 3, 4 in. + 17 yds. 6 in. -|- 22 yds. 1 ft. 11 in. 
-3- 62 yds. 1 ft. 9 in. -|- 34 yds. 10 in. + 69 yds. 2 ft. 9 in. 

4. Add 7 miles 3 fnrlongs 17 yds. -f- 21 m. 1 far. 30 yds. + 
^m. 3 yds. 

5. Add 24 bush. 3 pecks -{- 19 bush. 5 pecks -f* 18 bush. 2 
pecks -f- 42 bush. 1 peck. 

SUBTRACTIOir. 

1. A grocer had according to bis last inventory 317 lb. 10 oz. of 
sugar ; 561 lb. 4 oz. of coffee; 451 lb. 6 oz. tea ; 15 lb. 3 oz. pep- 
per ; 3 oz. 6 dwt. n^ace ; 152 lb. rice ; 17 gallons rum. He has 
sold since, 283 lb. 6 oz. sugar ; 341 lb. 7 oz. coffee ; 349 lb. 5 oz. 
tea ; 11 lb. 8 oz. pepper ; 2 oz. 6 dwt. mace ; 5 gallons and 3 gills 
of rum ; 121 lb. 7 oz. rice ; bow much has he left of each kind ? 

2. A man has to travel 75 miles; he walks theffirst day 20 miles 
3 furlongs ; the second 18 miles 5 fur. 20 yds. ; the third 23 miles 
7 far. 50 yds. ;, how much of his journey remains every evening 
to be peiformed ? 

3. William the Conqueror acquired the throne of England the 
26tb December, 1066, and died 8th September, 1087. His son 
William the Second, who immediately succeeded, died the 2d 
August, 1100. Henry the first succeeded, and died the 1 0th De< 
cember, 1 1 35 How long did each of them reign ? 

4. Three men, starting at the same time from one place, arrived 
at another determined place, the first after 10 h. 16 m. ; the 
second after 12 h. 42 m. ; the third ajfter 15 h. -3 m. How much 
did each of them arrive after the other ? 

MVLTIPUCATIOir. 

1. Bought 271b. 5oz. 16 dwt. of drugs at the rate of |9, 75 the 
pound ; how much will be the amount ? 

2. Bought three bales of cotton, the first weighing 1016 lb., the 
second 998 lb., the third 1093 lb., at 17| cents the pound ; what 
is the amount to pay ? 

3. A room is 22 feet 5 inches long and 18 feet 9 inches broad ; 
how many yards of carpet will it need f 

4. A wail is 8 feet 7 inches high, and 65 feet 9 inches in circum^ 
ference ; bow many feet of plastering will be in it ? 

5. Required the solid contents of a wall 74 feet 6 inches long, 
2 feet 9 inches broad, and 24 feet 4 inches high ? 
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6. lUqvirsd fSk& tolid contents of a box 5 feet 2, 5 inches XoDg, 
3 feet B inches broad, and 2 feet 5,8 inches deep i 

6. How many cubic feet of earth will fill a dock 205 feet loog^^ 
75 fcet broad, and 8 feet 7 inches deep ? 

DinsioH. 

1. If 87 lb 6 CB. of coffee cost f 18, 38, what is the price of one 
ponnd? 

2. What is the price per pennd of spices, when 34 lb. 7 oz. ooii 
|S5,83? 

3. What is the longth of a piece of timber 15 inches square, the 
cnbic contents of which is 69 feet 6 indies f 

4. What must be the depth of a square vessel, 1 foot 3 inches 
one war, and 2 feet 2,5 inehes the other way, that shall bold 4 feet 
2,5 inches cubic measure f 

5. What must be one side of a(n area containing 2015 square 
feet, when the other side is 50 feet 7 inches f 

6. If a horse runs 8 times around a circus in 1 h. 45 m. 20 s^ 
how much time will it need fer each turn ? 

7. A lumber merdiant boug;ht 6527 cubic feet of timber, in 32i 
pieces ; how muchiilid each piece average in cubic feet ? 

8. A brick wall, two bricto' length in thickness, is 69 feet long 
and 26 feet high ; how many bricl^ does it contain, each brick 
being 8 inches loog^ 4 inches broad, and 2 inches thick, when laid f 

PRACTICAL QUESTK)NS FOR THE SECOND PART. 

1. A purchase of ffoods that cost ;f765,25 was sold for Jf973^5S ; 
what was the profit? 

2. A nwn has J[8264,91 debts, and his property amounts te 
f743l,80 ; how does he stand ? 

3. Three men buy land, the one 5,212 acres, at $2^ per acre, 
the other bought 281 acm fer f 60(^ and the third bought as modi 
land as they both, for J>892 ; what had the first to pay, how much 
famd did the second buy, how much land had the third, and at 
what price did it stand him ? 

4. A biick, when laid in the wall, has 7^8 inches lengthy 3,9 
breach, and 1,8 inches thickness ; how many bricks will it take to 
build a wall two lengths of bricks thick, 25 feet long, and 36 feet 
high ? 

5. At 6 per cent, interest, what must be the capital that will 
produce an income of j[500? 

6. A man having $600 a year, how much may he spend a day 
to save $aXiO in the year f 

7. What is the interest at 7 per cent, of Jfl2,450? 

8. Upon 20 hogiheads 6f Sugar^of 850 lbs. each, what is the 
tare, at 3 lb. for every hundred weight ? 

9. Three persons purchase togeOker 5500 of stock, at 5 per cent, 
premium, which brings in 8 per cent, interest ; how much must 
each pay, and how much yearly interest will each have for his 
share r 
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10. A hMMtt Is to Im plaiterad, At 21 cmts pee$qfjxtm ywcd. 

Now there has beon plastered an entry 35 feet long, and 11 feet 

6 inches tngh on both lidesy the S ends being given in, as compen* 

sation fat the vacanciei on the sides. Two rooitit vf the sasse 

height, m each of which, two sides of 30 feet long are reckoned 

foil, and <Nie end of 18 feet also reckood fall, to compensate fer 

the Tacancieey the fenrth side is given in. Two upper rooms of 

20 feet longt 14 feet broad, and 9 feet high, are reckoned in the 

same isaJiner as those below, and one room has 14 feet by 16 feet 

6 incbee, which is consid«red as plastered all round. How much 

will the expense of the whole plastering be f 

11. Sappose the aboTe entry and rooms were to be waioiooted 
with siaaple boards, at the rate of f 145 for every hundred sqaaie 
feet, whtA. would be the expense f 

12. A quantity of goods is bought for ^3,621, and sold at 15 
per cent, loss, for what was it sold F 

13w A do<± to be filled in, has 250 feet length, 95 feet breadth, 
and the perpendicular d^pth being 8 feet on an average, how 
maAy oart loads of earth are needed to fill it, at the rate of 7 on* 
bic feet for a cart load ; and how much will it cost at 6 cents per 
load? 

14. How much will the giasing of a house cost, that has SI 
windows, each of 24 panes of glass, at the rate of 13^ ooBts fiv 
each pane? 

16. How many bnicks are there in a wall two lengths of a bri^ 
thick, 20 feet long, and 38feet high, the bricks being of the dimen^ 
sionB stated in the fourth question f 

16. An old tower 40 feet square on the outside, has at first, a 
wall 10 feet thick for 20 feet of elevation, then for 36 feet the wall 
is 8 feet thick, then for 16 feet it is 5 feet thick, the outer sides b^. 
ing perpendicular i how many cubic yards of stone are there m 
these walls, (neglecting doors and window opeoings) bow much 
will the stones cost, at 22 cents the cubic yard, and how moch 
will the buikUarof the wall cost, at th« rate of 29 cents fer every 
cubic feUiom f What wUl be the weight of stones in it, the cubic 
foot being reckoned at 178 lbs. ? 

17. A carpenter has 6^ cents pef cubic foot for hewing timber : 
now he hewed 25 pieces of 15 inches square, (on each side) and 
36 feet long ; 16 pieces of one foot each way, nod 42 feet long ; 
28 pieces 18 inches by 20, and 26 feet long ; 12 pieces of 10 inches 
each side, and 32 feet long ; and 15 pieces of 8 inches by 12^ each 
side, and 18 feet long. How much money has he earned ^ 

18. Two rooms are to be painted all round, the height of i^ioh 
is 12 feet 4 inches, the length of one, 32 feet, and its breadth ti 
feet ; the other, 18 feet 6 inches long, and 16 feet 5 inches broad, 
bow much will be the cost, at 7 cents per square yard ? 

19. What wHl be the expense of paving a street 563 feet long, 
and 30 feet wide, at the rate of 65 cents per square yard ? 

20. What wHl be the weight of lead that is upon a roof 25 feet 
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loB|:, and 28 fMt 6 incfaee lUnt on each side, at th* rate of 8} lbs, 
th« sqtiare foot ? 

SI. What will be the amount of slating a roof of 38 feet 6 inches 
lone, 31 feet 4 iochei slant on each tide, at the rate of f 4,25 per 
8qmre« of 10 feet side? 

28. How many days will three carpenters take to shingle a roof 
88 feet long^, 28 feet slant on one side, and 32<on the other, at the 
rate of two and a half square, of 10 feet side, per day fer each 
man, and how much will it cost at f 1,20 per square ? 

23. What will be the amount of 4572 square feet of boards, at 
the rate of |10,50 per thoniand feet. 

24. A vessel imports goods to the amount of f 9650, which pay 
duties at 21 per cenL on their value ; of f 12,600, paying 30 per 
cent. ; and of ^1580 pay 16 per cent, duty ; besides 30 casks of 
wine, ayeraging 58 gallons, each of which pays 20 cents per gal- 
loo ; what will the duties on the whole cargo amount to ? 

25. How many miles did that vessel travel in a year, which 
made three times the voyage to Europe and back again, every 
time averaging 26 days, sailing in a mean, at the rate of 6lt miles 
an hour ? 

26. If a voyage to Batavia takes ninety days, the vessel sailing 
. on an average £^ miles an hour, how many miles does the vessel 

sail in the whole voyage ? 

27. If a baker works out 9 barrels of flour every working day in 
the year, at 196 lbs. each barrel, how many pounds of flour does 
he use, and if ^e make one third more weight of 'bread out of it, 
how many pounds of bread does he make, and if he sells the bread 
at 4 cents the pound, how much does be make in a year, when 
the flour cost f 5 per barrel ? 

28. If 18 dozen bottles of wine cost |62, what is the price of 
each bottle ? » 

29. The nearest approximation between the earth and Venus, 
18 in a mean 32,560,060 miles, the velocity of a cannon ball being 
about 2000 feet in a second, how long would the cannon ball h&wt 
to run, to go from planet to planet, if they remained stationary in 
such a position ? 

30. A years rent of a house being |96, the occupant had laid 
out in repairs $24,56, and paid the taxes amounting to f 7,45, what 
has he yet to pay? 

31. A mas having $660 a year, economises $150 annually; his 
income being raised to $1500 a year, how much can he spend 
daily to ecooomise^ double as much as before? 

32. If a man earns 65 cents per working day, at what price can 
be board, so as to save $89 for his clothing aud other expenses per 
year? 

33.' A bill of Exchange on London for £312 l^ sterling, is 
bought at 8 per cent, premium, what is to be paid fer it in dol- 
lars, at $4,44 the £. 

84. What Will the commisaon at 2i per cent, amount to en 
goods of the amount of $7652. 
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QUESTIONS IN THE RULE OF THREE. 

"> 1. A merchant bought 795 yards of cloth for f 1072,50, he has 
still |427,50 which he wishes to lay oat in the same cloth, at the 
former price ; how many yards may he yet purchiMe ? 

S. If the matting for the floor of a room 24 feet by 18, cost 
f 95,60, what will the same matting come to, for a room 22 feet in 
length, by 38 in breadth ? 

3. How many yards of paper 22 inches broad, will cover a wap 
of 26 yards circuit, and 9 feet high, if 20 yards circuit of the same 
height can be covered by 72 yards of 30 inch wide paper? 

4. It takes to clothe a regiment of 750 men, 5920 jards of yard 
wide cloth, how many yards of cloth of 1 5-8 yards wide, will it 
require to clothe the same ? 

5. The forage required by a body of cavalry, for a month of 31 
days, is 2821 cwt. of ,hay, how much will be needed for the same 
body for 87 days ? 

6. If 172 boards, 17 feet 6 inches long, and 14 inches broad, are 
needed to floor a place, how many would it take 12 feet inches 
long, and 10 inches broad ? 

7. ^ow manypoundsof tea can a man buy for f672, if he buys 
7511b8.for|327^? 

8. If 21 men could perform-a work in 17 days, and 16 men be 
aidded to them after the seobnd day, Jiow much time will be saved 
by it? 

9. The common step of a horse being about 4 Ibet, and that of a 
man ^ foet, the man making 8 steps to the horses 5, how much 
space will the man gain over the horse, in walking a distance of 
18 miles ? 

10. Tbe annual wages of a man being |100, to be paid in lanA 
at f 6 per acre, how many acres will he receive after 3 years and 
7 months?* 

11. Two men, A and B bought together 200 atsres of land, each 
paying $SO0 ; they divide, and A making choice of the better 
laod, they agroe to value hb land at ^,25 the acre, and that of 
B at f 1,75 ; how many acres will each of them .get ? 

A gets 87^. 
B pets 112,5. 

12. If the interest jof money is 7 per cent, what wiU he the dis- 
count? • jhu. ^,54205608. 

13. How much m«tta man pay down to receive in i| years 
|658, the interest being 7 per cent., calculating upon simple in* 
interest? ,./3fit. |452,238. 

14. On the impoiAatiofn of certain goods, a merchant gains 20 
per cent, when the duly is 16^ per cent., wb^t per cent, will he 
gain upon the same« iHien the duty is raised <b 18 per cent. ? 

15. Two travellers, A and B, leave tw6 places 100 miles dis- 
tant firom each other^ at the eame time ; A travels 6| miletper 



iMmr, and B 7} miiea per hour, what part of the cUstanoe will etdi 
of them make? 4«,. 5 ^ =^ 44,9205. 

'^^- J B = 55,0295. 
And what time will they travel before they meet ? « 

^nt, 7 h. 6 min. nearly. 

16. How many yards of cloth were there in a piece which cost 
966»60, the price of the yard being to the number of yards, as 5 
to 7 ? Jiru. 9,5561. 

17. The sum of two numbers multiplied by the greater is 120| 
the same multiplied by the less is 105, what are the two numbers ^ 

Ans. 8 and 7. 

18. The slow, or parade step of the military being 70 steps per 
minute, and the step 28 inches, how far would troops travel, by 
marching 8 hours in a day ? 

19. The hour and minute hand of a clock are together at 12 
o'clock, when are they together alter each hour afterwards ? 

20. Of two travellers upon the same road, A trayels 5 miles an 
hour, B 3 miles an hour; when B passes a certain place on the 
way, A is still 13 miles behind him ; at what distance will he over- 
take B ? Jlns. at 32^ miles. 

21. Two men bought a lottery ticket in partnership, A gave |9 



towards it, B gave |7 ; the ticket draws a prize of fSDOO, bow 
much will each of them get? ^ € A = 1125 

-^"'•{b^ 875 

22. The father of a child is 52 years older than the child, his 
mother 36 years older, and the age of the father is to that of the 
mother as 4 to 3, what is the age of the child ? jins. 12 ys. 

23. The age of a man and his wife are, together, equal to 49; 
if 6 be added to the age of the man, and 11 subtracted from that 
of the woman, the numbers will be in the ratio of 9 : 2; what are 
the ages of each ? a S 1^^ man's age s?: 30. 

'^^' I The wife's age = 19. 

24. The number of cattle on my farm, is to that of the cattle of my 
neighbour, as 2 to ^ and if each of us had four head of cattle more» 
the number would be as 5 to 7 ; how many head of cattle has each i 

Ans. 16 and 24. 

25. The age of a father is to that of his child, as* 9 to 2, and the 
father's age is 12 years more than 3 times the age of the ohUdi 
what are their different ages f ^ . $ The child's age, 8 yrs. 

"^^^ I The father's age, 36 yrs. 

TO szraACT THB SCIUARK I^OT.' 
1. To extract the Square Root of 1296 
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TO EXTRACT THE CUBE R60T. 

1. Of 9261 

% " 1906,644 

3. •« 20570824 

4. *^ 4052^ 
& <« 43243551 

6. « 103161,709 

7. «* 1520,«76 

8. « 216,000 

9. •* 6832,761 

10. " 64,372 

aVAORATIC SaUATlOlTB. 

1. Given «» — 8« — 7 = 13 to find of. Am. 10. 

2. << 3 . s s ^ 2 x = 40 : to find «. Amy 4 

3. " Jr* — t«+ V =?tofindaf. Am. 3. 

4. To diTkie ten into two parts, so that their product shall be 
equal to 12 times their difference. Ant. 4 and 6. 

5. To divide 13 into three parts, so that the differences betweea 
the squares shall be equal, and the sum of the squares =»: 75. 

Ans. 1;5; 7. 

ARITHMETIC PROGRESSION. 

!• A sets out from one place, and B from another, 360 mSes dis- 
tant from A : they travel towards each other, so that A performs 
the first day 40 miles, the seoond 38, the third 36, and so on, de- 
creasing^ his rate 2 miles daily. B be^s the fijrst day, and travels 
M miles, the second 22, increasing^ his rate two miles every day i 
in how many days will they meet f Ans. 6. 

2. Find the sum of the series of natural numbers up to 100. 

^n5.=5050. 

3. Find the sum of the series of even numbers up to 100. 

Aru.=^2550, 

4. Find the sum of the series of odd numbers up to 200. 

Aru.s=: 10 fiOQ. 

5. Two travellers setting; out together from the same place, A 
travels the first day 8 miles, and increases his rate 4 miles every 
day. B goes 25 miles per day from the b^ginuiugf ; how many days 
will they be in meeting a^ijain? Ans, 16,5 days. 

6. Il is required how far 125 stones must be' placed at equal 
distance from each other, that the sum of iheir distances from a 
point 20 yards before the first, maybe f^xactiy equal to 5 miles? 

7. How many eggs will be neeiled to lay 4 feet apart, to occa* 
sion a man who has to pick them up one by one, and bring them 
to a bafket 3 yards behind the first, to have to walk 2,75 miles ? 

8. To find 7 arithmetic mean^ between 6 awd 46. 

9. How many strokes does a clock strike in one whole day, by 
our common division of time, striking from 1 to 12. 
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10. A man havioi: to pick ap 102 egn laid in a row on the 
groood at one yard from aach othar, and carry tham in a baakat 
at two yardi from the first, while another has to walk a distance 
of three miles from the same plate and back again, whidi of the 
two has the adrantage in the distance to be walked throngb ? and 
liowmu^? 

^fu. The one who walks, has only 56 yards more to wallu 

11. If one cent is placed on the i&rst square of the chess board, 
and one more on each so b se qo ant square, how many dollars will 
be upon the whole board ? Atu #20,80. 

GEOMETRIC PROGRESSION. 

1. What is the sam of one hundred terms of tht powers of 2 ? 

2. Whatisthesomof aotenasof thepowersofS? 

3. The first term of a geometric series beine20. ani the ratio 
2, what win the 25th term be ? 

ALUGATION. 

1 A man in a month of twaatT^z workfai; days -workrG days 
at tberate of 91,16 a day, 5 days at 75 cents per day, 3 days at|^ 
ptfday, ten days at 91,60- a day; and is idle the-ir remaining days ; 
at what rate par day doas he earn, ooniithig'the whole of iha Sf 
days in a month f 

2. What is the fineness of amiztore of 2 oa. of gold 23 carats 
^a, 7 OB. 2t carats fine, 9 ta^ 17 caraU fine, and 3 os. 20 earats 

fine? 

4 A merchant sold a qnantity of cloth, namely, 150 jrards at 
13,75, which cost him |3 per yud, 720 yardsat $B the yaid, which 
ooit him |3,75 per yard, 305 yards at f7,50 per yerd, which cost 
him |6,35 per yard, and 100 yards at |2,50, winch cost him fS 
per yard; how mach did he make per yard on an average? 

5. A mixture is to be made of silver, some of which hat cost 
ei 10 per oa., some 97 cents per qb., and the rest 88 cenU per os^ ; 
the mixture is to weigh 3 lbs. ; bow much b to be put in of each, 
to make the mtrins'ic value of the silver just a dollar an oonoe ? 

COMPOUND INTEREST AND ANNUITY. 

1. A man having an income of #5000 a year, ^'*^«' one quarter 
of his income a year, which he puts to iniere^t : ^^^twiU be die 
amount of his savings in 12 years, at compottnd interest, at 6 per 

'tTt'aTrTving at the yearly expe.se of fSOO, and trading 
•TLlu I. u-^r^r oiioments it one th*!vl every year; at 

with the rest of his ^^^^^'^t''^ ^l^i,,X ; wnat was his origi- 
the end of the third year his stock is uouoi u , ^ 

nal stock? 

3. 
one 

Pital oeariDg interest ai o per j^*'"" V "1, ^we first beeinnins 
^"^ •pendingthe whole capital itself, from tbe first oegummg 
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PROMISCUOUS QUESTIONS. 

1. The sides of two square pieces of ground, are as 3 to 5, and 
Ibe sum of their superficial content is^ 30600 square feet; what is 
^e length of the sides of each ? 

j^ns, 90 feet and 150 feet 

2. Three young men entering into partnership, agree to make 
a common stock, to which each shall contribute in the ratio of the 
sum of the ages of the two other partners. A is 24 years old, B 
27 years, and C 31 years ; what will be the share of each ? 

3. A parcel of tobacco is sold,. some at 12 cents per pound, the 
rest at 15 cents per pound ; the proportion of the first to the latter, 
was as % to f , and the amount of the sale f 380 ; how many pounds 
were there of each kind ? -^, K Of the first, 1500 lbs. 

'^^' } Of the 2d, 1333J lbs. 

4. A grocer bought coffee, 3 bags of 80 lbs. at 21 cents per lb., 
6 bags of 58 lbs. at 24 cents per lb., and 9 bags of 90 lbs. each, at 
18 cents per lb., and sold the whole together at 22 cents the pound ; 
77hat did he make by it ? «^ ' y^ *^ . ./^wi. f 47,84. 

5. What fraction is that, 16 the ^umeratbr of which, if 1 be 
added, it becomes }, and if 1 be added to the denominator, it be- 
comes J? Arts. ^. 

6. The quick step of troopi in marching, is 2 steps of 28 inches 
each in a second ; how £air will such troops travel in a day of eight 
bours ? 

7. The captain of a vessel, of which he owned J, sold out the 
half of his share ; he had before the sale f350 annual profit from 
it, besides his wages ; how much remains to him annually after the 
sale of this part of his share ? 

8. A draper sold from a piece of cloth, J at |5 the yard, one 
fifth at ^4 per yard, and one sixth at |4,50 per yard; by this he 
obtained ^168 ; how many yards were there in the piece f 

Ans. 60. 

9. On the first of January 1793, a royalist in Europe agreed 
with a democrat, to pay him Scents per day, until the restoratioa 
of the Bourbons, on condition of his paying him one louis d*or on 
^,44, every day after that restoration. Taking the first of Au- 
gust, 1814, for the day of the return of the Bourbons, how would 
their account stand on the first of January, 1827, omitting. all in* 
terest ; and how, on calculating compound interest for every day 
from the epoch of these payments, to the first of January, 1827, at 
5 percent, annually ^ 

Without interest, the first would have paid |236,43. 

the second, $21760,44. 

10. A merchant gains in trade such a sum, that |320 has the 
same ratio to it, as five times the sum has to f 2500 ; what did he 
gain ? Am. |400. 

11. Two brothers comparing their ages, fijad that the sum of 

18 
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both ag;e9 is to that ef the elder, as 19 to 7, and to SO, as 9 to thi^ 
affp f'f the other ; what are their a;^es ? a ^ 21. 

Jint.^ 9. 

12. The differeocc of the sides of two square room^ i* to the side 
of the greater, as 2 to 6, and the df^ereoce of their square con- 
tent, is =3: 128 feet ; what are the sides of each of the^^e rooms ? 
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13. The profits of two men in their work, are as 8 to5i and the 
product of the numbers expressing their profits is 360 ; what was 
the profit of each ? j9 i ^^• 

14. A merchant g^ining^ J7500 in 6 years, with a capital of 
f 15000, what would he g^ain at the same rate in 11 years, with a 
capital of J21000 ? 

15. If one man travels 52 mile«i in a day, walking 12 hours, 
and another 61 miles in U hours, what will be grained in 
time, on each, by sending both at the s^me time to meet from. 
two places 180 miles from each other, to exchange dispatches, 
instead of spndin<^ them each the whole distance ? 

16. if 2100 bushels of oats last 200 horses, at a half bushel a 
day, twenty- one days, how long will 3700 bushels last 760 horses, 
at fof a bushel per day ? 

17. What provision must be made for an army of 9560 men, 
in bread, if they shall receiv<d 2 pounds per day, for 70 days, it 
being found by experience, that 5000 men will need in 25 days 
312500 lbs. at 2} lbs. per day? 

18. If 248 men in 5 days of 1 1 hours each, dig a trench 280 yards 
long^, 3 #ide, and 2 deep, in how many days of 9 hours each, will 
32 men dig a trench of 430 yard long, 6 yards wide and 3 deep ? 
19. A has given f 15620, which laid in the common stock 6 ys. 6 ms. 

jg cc M 7>921 *< " '^ *^ *' 4 <^ 2 '^ 

C « " 39567* «• «* *< " «« 7 «i 8 ft 
D u a 50220, <* " " •* ' " 8 •* 4 *^« 

E " ** 6943, <♦ <* ♦* " ** 8 ** 4 *« 
The capital is to be divided at the end of the time, and found to 
be double the amount put in by the stoddiolders ; what is the 
share of each, in the whole amount ? 

20. Four merchants make a joint stock, under the following ar- 
rangements. A put in ^15000, which remains 8 years and 6 
months, during which time the association lasts ; it is agreed, that 
as he is to take the chief direction, he shall have 2 per cent, pre- 
vious to all profits, besides his share in the remaining profits. B 
puts in f 20600 at the beginning. C puts in 1 13200 one year after 
the beginning ; and as he is to work in the partnership, he is to 
have one and a half times the share of the profits which his capi- 
tal would entitle him to, if he was not to Work. P joins two and 
a half years after the beginning, with a capital of ^60450; the 
partnership being dissolved, and t|ie whole profits made^ being 
180560, what is the share of each ? 



TABLES ^ 

€^ the Proportional Suhdivisions^^f Denominate 
Fractions^ of fFeights^ Measures, Time, ^ow 



Explanation. — In the followia^ tables, the denominations of 
the subdivisions will" be found written in full, at the bead of each 
table,, and iia their usual abbreviations within the tables themsdves. 
The first number of each square, is the number of units of each 
subdivision required to make the unit of the kind tbund at the right 
hand; and the lower number in the same 9quar«, is th« decimal 
fraction corresponding to the same subdivision and unit, carried to 
7 decimals. 

TIME. 



^Steondt. 



60 



0,016666 



3600 
0, 000^777 



86400 
0,001157410 



T 11 III iTl 



Minutes, 



I 



fiO 
0, OlfCl^G 



1 Ui) ^ 
,00n:M'44 



51269487,6 



Hours . 



1 



Day». 



'ears. 



24 
0,041666 



8765,813 



D. 
1 



D. H. M. S. 

365. 5.48.46 



in i».i 



1 



CIRCULAR PARTS. 
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Seconds, 



Mimitet. I 



. 60 
0,-016666 » 



12J)6000 
0,00000077 



1 



Degrees. 



ICireum' 
ferenee. 



360 . 1 60 
0,0002777 0,016666 



■I ' J '* ■ ■ I I " t-T-^ 

iei600 
0, 0000462l0, 
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CUBIC MEASURE, 


Inckis. 


Ft-fi. 


Yardn. 


Fathoms, 


IN. 

1728 
0, 0005787 


F. 
1 






46656 
0,00002143 


27 
0, 037037 


T. 
1 




376648 
0,00000265 


216 
0, 0046296 


8 
0,125 


FTH. 

1 



CLOTH MEASURE. 



Inchet, 



iir. 

2, 25 

0, 4444 



0,111111 



16 
0, 0625 



36 
p, 02*777 

45 I 20 
0,022221 0,05 



JVat7ff. 



1 



4 
0,25 



Quarters. [ YardsAElls 



1 



4 
0,25 



5 
0,2 



Y. 

1 



1,25 
0,8 



7 E. 
I 1 



Pints. 



DRY MEASURE. 

Pecks. 



PT. 

8 
0,125 



16 
0, 0625 



64 
0,015625 



Gallons. 





0. 

1 



2 
0,5 



PK 
1 



Bushels. 



8 4 I B. 

0,125 0,25 1 

Eight Bushels make a Quarter ; but as this is not used io any 
part of this couAtry^ any more than the Wey and Last, we have 
omitted them. 
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fLMt alone determines, in different countries where these 
meaaures are used, to which purposes the two different measures 
of liquids are applied besides the two liquids of which they bear 
the name, and these habits vary from time to time. In the state 
of New- York, Beer measure is little med, but th« ordinary mea* 
sure for all liquids ii Wine measure. 
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BEER MEASURE. 



Finn 


QvarCs. lia'Uini. 


iiUrrfu 


lia^tktadg 


Bmta. 


2 P. 
0,6 


1 








8 
0,125 


4 

0,25 


. 1 




288 
0, 00347 


144 

0,00«'^4 


36 
0,02777 


B. 

1 




4ti2 


il6 . 54 


1,5 


Thhd. 




864 


432 


1 108 


I 3 
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TROY WEIGHT. 

(Used for goki, silver, j«weis, and retsH d e aling .) 



TL — r 



Grains, Pennyweights. 

OR. 

24 
0, 041^060 



480 
0, 0020833 



6760 
0,0001736 



dwt. 



20 
0,05 



240 
0*0041666 



Ounces, 



oz. 



Pounds. 



12 I LB. 

0, 08333 ( 1 



APOTHECARIES WEIGHT, 

(Used in comj«t>uu(Jir.^ medicines.) 



Graifu. 


Scruples, 


Drams 


\ Oimcei. 


Pounds, 


GR. 

20 
0,06 


sc. 

1 






■ 


60 
0,016666 


3 
0, 333 


PR. 
1 




480 
0, 0020833 


24 
0,041666 


8 
0, 125 


oz. 

1 


- 


5760 
0,0001736 


288 
0, 0034722 


96 
0,0104166 


12 
0, 08333 


JLB. 
1 



AVOIRDUPOIS WEIGHT. 



fil6 



Drami. 



DR. 

16 
0, 0626 



256 
0,0039014 



7168 
0,0001396 



28672 



673440 



Ounces. 



9Z. 

1 



18 
0, 05556 



448 
0, 002232 1 



1792 



35840 



Pounds 



Quariers. Cwt 



LB. 

1 



28 
0,0357143 



112 



0,00055800,0090178 



I 



4 
0,25 



CWT. 
1 



Tons. 



2240 80 20 TOHS. 

0,0004464 0,0125 0,05 1 

This kind of weight ia oatd in every other case of mercantile 
transaction, whether in the g;reat transactions oi general com-* 
ixierce, or in the retail trade. 

OS. dtol* gr, 
1 lb. Avoirdupois = 14. 11. 16 Troy. 
1 oz. " == 18. 5i «< 

1 dr. *• = 1. 3| " 

Before the last law in England, of 1826, regulatiog 
weights and measures, the following were the cubic 
contents of the different measures of capacity ; viz : 

The Bushel, 2150}- cubic inches sa a cylinder 8 in. 
deep, 18,6 in. diameter. 

The Gallon, dry measure, 268| cubic inches. 
" " for beer, 282 «• '* 

<• " for wine, 231 " «< 

These two latter gallons have to each other the sam^ 
ratio as the weights of Avoirdupois and Troy. 
J By^helawofl826, 

The Bushel contains 2217,6 in. cubic. 
The Gallon •* 277,2 «• 

and is used indiscriminately for dry and liquid measure. 
The capacities are determined, not by measurement 
of the cubic contents, but by the weight of pure water 
at the temperature of 62"* of Fahmhejt's thermometer 
contained in the vessels ; the bushel holding 80, and thcs 
gallon 10 lbs. avoirdupois. 
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Value of Poreigxi Coins aecordtng to the Laws of the VhHei 

States, 

6old com of G. Britain wad PortQgal are rated si $1 for 27 g^rami. 
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Fratice 
Spain 



re ratea at « 1 lor :sj sram 
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\ 



Caarte af 
France^ 

Aui- drdain, 

ditto, 
Auicsburg", 

ditto, 
Basil and 
2uric, 
Berliu, 
ditto, 
Bologna, 
C>oustaQ- 
tioople, 
ditto, 
Copenfaagea 

ditto, 
Frankfort 
00 Main 
ditto, 

Genoa, < 

Geneva, 
Hamburg i 
k Altona, S 
Le]^>zig& ) 
Dresden, \ 
Lisbon, 
Leghorn, 

London, 
Milan, 

Nappies I 

New-York, 

Palermo, 

Petersburg;, 

Spain, 

Stockholm, 

Turin, 

Venice, 

Vienna, 
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rorg 
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g 
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? 
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at 
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r 
r 
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3 

3 

100 

300 

I 

luO 



300 
3 



300 



I 

30a 
HX) 
100 

I 

100 
100 
3 



iOO 

3 
1 

I 
3 

)3 

1 
1 

I 
1 
1 

!1 

3 
300 
I 
1 



Francs, . 
Fiunca, . 



I anc!" 



Fiorin Ct, 

Francs, 

Francs, 

Banco Prussian,.. 
Fratics, 

FVancs, 



1 Piastre, 
300 Francs, 

Rix dollar,.. 

Francs, . ..... 

lOOjFranrs, 

Francs, 

Piaster (of il6s. h; 

.bO 

Livres courant, ... 

Vlark banco, 

FraiKJs, 



Francs, 

Francs, 

Piu8tre(of8Reals) 

£, sterling, 

Francs, 

Francs, .....,.,, 
r rancSf « « ••••»•*••• 
Lire iinperiale, .... 
Ducat (of lOCar- 

lins,) 

r ran c, .•■«••....•« 
Franc,. . .^ •».... . 

Ruble, 

Pistole (of 32 reals) 
Piastre (of 8 reals) 

Francs, 

Francs...... 

Francs, 

Franc, 

Florin, 



56 
55,25 
99,50 

117 

25 > 



Denomination. 



Deniers groats. 
Deniers groat*« 
Francs. 

Florins courant. 
Centimes. 



;*9, 50 Francs. 



78 



4, 80| Francs. 
56. 



102,5 



iSoIs. 
Piastres. 



2,90Fcanc8. 



65,5 
4,45 
79 
99,5 
99^5 

4,80 

166 
190 * 
24 

76 

480 

5,10 

23 

21 

55 

7lirel5 

l.OS 



0,183 

46 

4,40 

15 

3,75 
■15 
50 
61 
23 

2,55 



Rix dollars. 



Centimes. 
Francs. 
Rix dollars. 
Francs. 
Francs. 

Francs. 

Francs, 
t^rancs. 
Sols Lubs. 

Rix dollars. 

Rees. 
Francs. 
Francs. 
Pence sterling. 
Sols imperial. 
Sols Courant. 
Francs. 



4, 20 Francs. 



Dollars. 

Grains. 
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